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SUPERCUSPIDAL CHARACTERS OF REDUCTIVE p-ADIC
GROUPS

JEFFREY D. ADLER AND LOREN SPICE

ABSTRACT. We compute the characters of many supercuspidal repre-
sentations of reductivg-adic groups. Specifically, we deal with rep-
resentations that arise via Yu's construction from datesfséng a cer-

tain compactness condition. Each character is expressednrs of a
depth-zero character of a smaller group, the (linear) charsiappearing

in Yu’s construction, Fourier transforms of orbital intafy;, and certain
signs and cardinalities that are described explicitly imeof the datum
associated to the representation and of the element at Wiaatharacter

is evaluated.
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0. INTRODUCTION

0.1. History. SupposeF’ is a non-Archimedean local fieldx is a con-
nected reductivé’-group, andG = G(F'). For simplicity of the present
discussion, assume th&thas characteristic zero. Foran irreducible, ad-
missible representation @¢f, let ©,. denote the distribution character of

a linear functional on the spac¢&* () of locally constant, compactly sup-
ported functions orz. Howe [35] and Harish-Chandra [29] showed that
O, can be represented by a locally constant function on thefsegalar,
semisimple elements @f. We will also denote the representing function
by ..

A great deal is known about the asymptotic behavior of chiaraqas
functions) near singular points. For example, the blow-ti®g is con-
trolled by the fact, due to Harish-Chandra [30], that;|"/* ©, is locally
integrable oz, whereD¢, is a certain polynomial function of¥, thedis-
criminantof G. From Howe [33] and Harish-Chandra [30], we know that,
near a singular poing,. (composed with a suitable logarithmic map) has an
expansion in terms of Fourier transforms of nilpotent @biitegrals. More
recent work has made precise where these expansions hel[2{545] for
a conjecture, [21] for the main result, and [5] for a genesdlon); pre-
sented other expansions, where the collection of orbitagnals involved is
smaller and depends arn(see [47-50]); or done both (see [4,18,23,37,38]).

Despite the work mentioned above, in most cases, we do netéxolicit
character formulas, even in a limited domain, because erditie orbital in-
tegrals nor their coefficients are understood explicithp(tgh see 7,20, 55]
for exceptions). In practice, such formulas usually anisenfexplicit infor-
mation about the construction of representations. Howéverconstruction
methods can be quite complicated.

Let us restrict our attention to supercuspidal represiemsit Suppose
that the residual characterispioof F' is odd. Then earlier work has yielded
character formulas for all of the supercuspidal represiemis of SL, [53]
(using the construction in [52], which is known to be exhasby [54]);
PGL, [60]; GLy [59]; GL, [17,19]; SL, [61]; and division algebras of
degreef [16, 17]. In the latter cases,is a prime that is sufficiently small
with respect tgp. In addition, one knows the characters of many depth-
zero representations of unramified groups [22] (namelgeheduced from
inflations of Deligne—Lusztig representations of asseddinite groups of
Lie type), certain depth-zero character valuesSpy [8], and inductive
formulas for characters of division algebras [15].

An earlier announcement [3] contains formulas for the attara of (nec-
essarily supercuspidal) representations of the multglie group of a cen-
tral division algebra over g-adic field. The present paper generalizes these
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results to the setting of general tame reductive groupsayeadic field of
odd residual characteristic, where the construction &f Ju (see [65] and
our§2) can be used to replace that of Corwin, Howe, and Moy (se@xo
ample, [14,34,44]). Ip is large enough, then all supercuspidalg:odrise
via this construction (see [39]). {& is GL, or the multiplicative group of
a central division algebra ovéf of indexn, then the Corwin—Howe—Moy
construction is known to be exhaustive even if we assumetbialy does
not dividen (see [44]). In [26,53.5], Hakim and Murnaghan discuss the
relationship between this construction and Yu's.

There are other constructions of supercuspidal reprets@méahat make
no tameness assumptions. These start with [40,41] andlesalminate
in [9-11, 57, 63]. However, an attempt to use these to comexdicit
character formulas would require a different approach deoto overcome
many serious technical difficulties. For example, amongymudher things,
we make use of Bruhat-Tits theory and Moy—Prasad filtratitwsh of
which behave poorly under wild Galois descent.

0.2. Outline of this paper. In order to evaluate the charactey of a rep-
resentationr at a regular, semisimple elemenin GG, we require first of all
that~y lie near a tamé& -torus. Ifp is larger than a constant determined by
the root system o, then all semisimple elements Gfhave this property.
Second, we require thatbe well approximated by a product of good ele-
ments. Such approximations, called “normalpproximations”, are analo-
gous to truncations of expressions of element8'6fin the form

o0
Mo H(l + eMiggt),
=1

wherew is a uniformizer of " ande is a root of unity inF" of order co-
prime top. From Lemma 8.1 of [6], we see that many tame elements of
have such an expansion. Under mild hypotheses, which aryalsatis-
fied whenG is an inner form ofGL,,, all tame elements d& have such an
expansion. The expansions we require, together with thasiclproperties,
are discussed in [6]. The reader may find it particularly ement to have
at hand the statements of Lemmata 5.29 and 5.32, PropoSid6nand Re-
marks 6.7 and 6.10 déc. cit. (Analogous approximations, with analogous
properties, exist for elements of the Lie algebr&ofThe proofs are similar
to, but easier than, thoselioc. cit.)

After presenting our basic notation 1, we outline (in§2) Yu’s con-
struction of supercuspidal representations (see [65]flBr Yu starts with
a sequencéG’ C --- € G? = G) of reductive groups, together with (an
inducing datum for) a depth-zero, supercuspidal reprasentr, of G°, a
characterp; of eachG?, and a pointz in the reduced building o6& over
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F, all satisfying certain properties. He then constructsiatively, for each
i=0,...,d, asmooth representatigfiof an open compact modulo center
subgroup of* such that the representatianof G* induced fromp! ® ¢;

is irreducible and supercuspidal.

We will assume for the remainder of this subsection that 0 and
G?'/Z(G) is F-anisotropic. (Notice that the latter hypothesis follows
from the former ifG is F-anisotropic, or ifG is GL, or SL, with / a prime.)
The reason for this assumption is that we require very peemsitrol over
the behavior, with respect to a given Moy—Prasad filtratadicertain com-
mutators (see, for example, Propositions 4.3 and 5.3.8¢eShe computa-
tion of the character of requires the evaluation of an integral formula (see
(6.5)) involving arbitrary conjugates of the element in ahive are inter-
ested, we cannot guarantee this good behavior for arbitaypsG?*—1;
but it doesoccur when our compactness condition is satisfied (see Corol
lary 4.5). Even without the compactness condition, we caéihcstmpute
the character values at many points of a representatiorn, induced from
0, ® ¢q4 to a large open compact modulo center subgrou (gees2). (In
our situation, the representatignof §2 is equal tar; for 0 < i < d.)

Since Weil representations over finite fields play an esslerie in Yu’s
construction of supercuspidal representationg;3rwe compute some of
their characters at certain elements, following Gérafséae [25]).

After the Weil representation computations, our charactenputations
broadly follow the strategies pursued in [17] and [19], bottwhich rely
on vanishing results to cut down the support of the relevhatacters. In
[17], these vanishing results are approached by computisigiiot the full
induced character, but rather the character of a reprageniaduced to
a smaller open and compact modulo center subgroup. For igsistthe
representation; defined in§2. The desired vanishing results are discussed
in §4, where we use the fact that the charactes,afansforms by a linear
character near the identity (see Corollary 4.6) to prove®@&siion 4.3

In §5, we compute the character@f using the results df4 to cut down
the class of elements we must consider. Although Proposki8.3 is the
result that is used most often in the sequel, the heart og#dson is really
Proposition 5.3.2. The proof of this result involves fairlyricate manipula-
tions of the Frobenius formula (see [56]), based on our detainderstand-
ing of the behavior of taking commutators with an elemeifisee [6,57]).
Historically, supercuspidal character formulas (speglifyc Theorem 4.2(c)
of [17], Theorem 5.3.2 of [19], and Theorem 4(2) of [3]) hamedlved
Gauss sums in some form. These sums also appear in the psesang,
but in disguise. We devot#.2 to recognising and computing them.

With vanishing results in place for this partially induceghresentation, it
becomes easier to describe the character of the full induegdsentation.
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After proving a few results (Lemmata 6.1-6.3) to show thatase naturally
arising integrals converge, we compute the full charactefFheorem 6.4
using Harish-Chandra’s integral formula.

The construction of [65] is inductive, in the sense that @luging datum
for 7; is constructed from an inducing datum fer ; and some additional
data. This means that, in order to compute the character ef 7,;, we
focus on explicating the relationship between the charadter,_; andn,
(or, in the notation 0§2, 7,_; andr,;). Theorem 6.4 is actually a statement
about this relationship. Accordingly, the grou@s and representations
for 0 < i < d — 1 play no explicit role in our calculations ungj’, where
we unroll the inductive computations §§3—6 to obtain an explicit formula
for 7, in terms of the original datum.

The result of this unrolling is contained in Theorem 7.1. RAppg the
inductive formulas of the preceding sections, we obtainglaeformula for
©, = O, in terms of the character of), the (linear) characters;, and
Fourier transforms of certain orbital integrals. @~!/Z(G) is not F-
anisotropic, then we compute instead the character ef 7; in terms of
essentially the same data, but wihin place ofr).) Also appearing in
the character formulas are some explicitly defined positivestants (the
number$($, 7~,) of Theorem 7.1) — essentially the square roots of cardi-
nalities of certain quotients of filtration subgroups®f— and signs (¢, )
and®(¢,v) — computed in Propositions 3.8 and 5.2.13 in terms of the root
system ofG and various fields associated to the representatiand to the
elementy.

Thus, we obtain formulas for evaluating, at many points, yreupercus-
pidal characters of many groups.

0.3. Future goals. Our hypotheses are weak enough that, in the case of
“tame” division algebras, i.e., those of index coprime@teve can evaluate

all characters at all points. In this case, the presencerdiderable addi-
tional structural information (and fine control over corgay, thanks to the
Skolem—Noether theorem) allows us to make the formula obiidra 7.1
more explicit. In the process, we will correct an error in dfen 4 of [3]
(some of whose corollaries remain valid). This will be cadrout in future
work.

Work of Henniart (see [31]) has suggested that it is valuabbee able to
recognise a representation given only the values of itsacit@rin a certain
domain. Theorem 7.1 may be sufficiently explicit to allow asdescribe
a domain for which this can be done (at least, if we restricselwes to
appropriate supercuspidal representations). This waaklyncomplement
[26, Chapter 6], which describes another way of identifysngercuspidal
representations.
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The stability calculations of [22] proceed from Propositit0.1.1 ofioc.
cit., a “reduction formula”. We have modelled our Theorem 6.4ratfthis
reduction formula, and believe that the similarity of stagmts should pro-
vide a guide to stability calculations for positive-deptipsrcuspidal repre-
sentations.

0.4. Acknowledgements. This work could not have been completed with-
out the notes of the late Lawrence Corwin, written in collation with
Paul Sally, on their computation of characters of divisibgebras. The
work was actually begun by Allen Moy and Paul Sally, who cotegyin
[16], the formal degrees of representations of divisiorebfgs and general
linear groups. Oug5.1 is translated from these notes, with the notation and
techniques adapted to our present setting (in particuganguhe tools of
[6]). The general strategy of our work was also suggestethéset notes.

This work has also benefited from our conversations with Fally,
Gopal Prasad, Stephen DeBacker, Brian Conrad, and J.-Kandifrom
the referee’s comments. It is a pleasure to thank all of thesele.

1. NOTATION AND PRELIMINARIES

1.1. Generalities on fields and linear reductive groups.Let R=RL
{r+]| r € R} U{oo}, and extend the order and additive structure®dn

ones ok in the usual way (see, for example, [8.1]). ForF a finite field,
let sgny; denote the character & with kernel preciselyfF>)?.

If F'is a valued field with valuatioord, andr € I@ZO, then letF, denote
{te F} ord(t) > r}. Then the residue fielfl = f of F'is the quotient
Fy/Fy. of Fy by Fy,. We will identify functions onF; that are trivial on
Fy, with functions ony. In particular, iff is finite, then we have the function
sgn; ON Fy .

From now on, assume that is locally compact, and that the character-
istic p of its residue fieldf = f is not2. Fix an algebraic closuré’ of
F, and letF™ and F*? denote the maximal unramified and separable ex-
tensions ofF" in F. SinceF is Henselian, there is a unique extension of
ord to each algebraic extensidfy F (in particular, toF’/ F'), which we will
denote again byrd.

Fix a square roo{/—1 of —1 in C, and an additive charactérof F that is
trivial on Fo,. and induces of= Fy/ Fy,. the charactet — exp (2rv/—1 tryw, (£)/p),
wherelF, is the finite field withp elements. We may, and do, write again
for the resulting character 6f;, for any discretely valued algebraic exten-
sionE/F. Excepting5, we will be concerned only with the restriction&b
of A. All Fourier transforms will be taken with respectAo The particular
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choice of square root will be of interest only in the statet@éProposition
5.2.13.

If we denote an algebrai&-group by a bold, capital, Latin letter, such
asH, then we will sometimes denote its Lie algebra by the coordmg
bold, small Gothic letter, such &s We will denote sets of rational points
by the corresponding non-bold letters, suchfaandb.

For any setS C X, we denote byS] the characteristic function df.
(The “universe”X will be understood from the context.) # is finite, then
we denote byS| its cardinality. If H" C H are groups and is a function
on H'\H, then_ _,.y f(g) will be shorthand fory_,, cynp f(H'g).
Similar notation will be used for sums over double coset spac

Let G denote a reductivé’-group. For the moment, we do not assume
thatG is connected. LeG° denote the identity component 6f. Write g*
for the dual Lie algebra afr, i.e., the vector-space dual gf

Suppose thak* € g* is semisimple, in the sense that it is fixed by the
coadjoint action of some maximal torus@. Any G-equivariant identifi-
cation ofg* with g carriesX* to a semisimple element @f (in the usual
sense), so one knows thay C(X™*) carries an invariant measure, séy

and that the integral
[ sex
G/Ce(X*)

converges foif € C'>°(g*). Thus we may define a distributign,- on g by
()= [ fOx)dg forf e CX(a)
G/Cq(X*)

By Theorem A.1.2 of [4]/1x+ IS representable by a locally constant function
on the regular semisimple set in We may, and do, sometimes regard
iix+ as defined by an integral ovér/Z, whereZ is any closed cocompact
unimodular subgroup of’;(X*). By abuse of notation, we will denote
again byjix- (or i%., if we wish to emphasize the ambient groGp the
representing function. Notice that this function dependgh® measure
chosen.

If M is a Levi (not necessarily’-Levi) subgroup oiG, then, as in [65,
68], we identify the dual Lie algebras af(M) andM with the fixed points
in the dual Lie algebra o6 for the coadjoint actions oM and Z (M),
respectively.

1.2. Hypotheses. Assume now, and for the remainder of the paper, @at
is connected, splits over some tame extensiai,@&nd satisfies Hypotheses
(B) and C) of [6]. By Remark 2.2 ofloc. cit, HypothesesA) and D)
follow from the tameness d&. Thus, we may apply all the results of [6].
In some places, we also assume Hypothesis 2.3.
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1.3. Buildings and filtrations. For any algebraic extensidi/ F’ of finite
ramification degree, leB™4(G, E) and B(G, E) denote the reduced and
enlarged Bruhat—Tits buildings & (E), respectively. The(G, E) is the
product of B¢(G, E) and an affine space. For a point B(G, E), letT
denote the image af under the natural projection #8°4(G, E).

If H is a closed subgroup ¢f andz € B(G, F'), then we will abbreviate
H N stabg(T) to staby (7). Note that, in this notatiory is an element
of B*4(G, F), not B (H, F), even if H = H(F) with H a compatibly
filtered F'-subgroup ofG (as in Definition 4.3 of [6]) and: € B(H, F).
Of course, if furthetZ (H) /Z(G) is F-anisotropic, then actually there is no
ambiguity, since we may regatti°!(H, F) as a subcomplex @™¢(G, F).

Supposél is a maximalF'-torus inG. Then we letd(G, T') denote the
set of roots ofT' in G, and putd(G, T) = ®(G, T) U {0}. For each root
a € ¢(G,T), let Lie(G), andU,, denote the corresponding root space
and root group, respectively. # = 0, then putLie(G), = Lie(T) and
U, = T. If T is F-split, then there are associatedToan affine space
A(T) underX,(T) ®z R, the lattice of cocharacters @f (tensored with
R), and an embedding od(T) in B(T, F'). For us, araffine rootwill be
either an affine functio on A(T) whose gradient belongs tad(G, T),
or a function of the form)+: = — 1 (x)+ with ) as above. For each affine
root+, we have a compact subgrowy/, of U; and a latticeru,, in g,;.
Note that other authors reserve the term “affine root” for finefunction
¢ such that) € ®(G,T) andzUy, # pUy-.

In [45, §52.6, 3.2] and [46§53.2—3], Moy and Prasad have defined, for
eachr € B(G, F), filtrations (G, )rersy» (82,r)rer, @NA(g; ,)rer Of G by
compact open subgroupsby lattices, andy* by lattices, respectively. We
extend these filtrations in the usual fashion to be definedlfor € R (or
r € Rs, in the case of the filtration o). If x € B(G, F') andg € G, ,
then we letd,(g) be the greatest indexsuch thaty € G,.. We define
similar functions org andg* (not justg, o andg; ), and denote them also
by d,.

If a group@G has a filtration(G;);c;, then we shall frequently writg;.;
in place ofG,;/G; wheng,; C G, (even if the quotient is not a group). For
example, we put,., = F,./F;, Up,.p, = Uy, /Uy, andGy, .y = Gy /Goy
forr <t (andr > 0, in the last case) and for affine roats and, such
thaty, = ¢, andy; < 1s.

By Proposition A.8, for each finite, tamely ramified extemsib/F’,
tamely ramified maximak'-torusT, and pointr € B(G, E) (respectively,
z € B(G, F)), we have maps!,., ander , satisfying Hypotheses A.1 and
A.7. We writee, ;. for e, . If the choice ofT is unimportant, then we

x,t:u

will sometimes writee,, for et .
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In Definition 5.14 of [6], following [65551—-2], we defined, fol a tame
maximalF’-torus, filtration subgroupsG ., ; of G associated to a pat, f)
consisting of a point: € B(T, F') and aGal(F*®/F)-invariant concave
function f on the root system of' in G (see Definition 5.7 of [6]). It
will be convenient here to define filtration latticed.ie(G), ;s in g in the
analogous fashion, by

T Lie(G)x,f = Z Euw N g,
whereE/ F' is a tame splitting field fol', the sum is taken over those affine

rootsy of T in G with ¢)(x) > f(1)). (In Definition 5.14 of [6], we had to
take considerable care — for example, intersecting withesGm,, instead

of justwithG, since parahorics tend to behave badly under ramified descen
but, since Lie algebra filtrations are considerably bettdraved (see, for
example, Proposition 1.4.1 of [1]), such care is not necgdsae.)

If (T, G) is a tame reductivé’-sequence irG, in the sense of Defini-
tion 5.1 of [6], andr is an admissible sequence, in the sense of Definition
5.8 ofloc. cit. (with associated concave functig“@f), then, by analogy
with the definition@xf = Tvafé,F of Definition 5.14 ofloc. cit.,, we put

—

Lie(G)yr = TLie(G)Lfé . It is shown in Lemma 5.20 dbc. cit. that

s
—

G, 1s independent of the choice of torilis The proof of the analogous re-

—

sult for Lie(G), 7 is, except for minor changes, the same. For convenience,
by abuse of notation, we will often wrilgie(rG,, ;) in place ofy Lie(G), ¢

andLie(G, 7) in place ofLie(G), 5.
1.4. Normal approximations. We now define some basic concepts that
will be needed in what follows. Since the definitions do notessarily
give the full flavor of what is going on, we give a “pictorialka@mple in
Example 1.4.2 and describe a detailed computatigi is.

If ¢t € Randy = (7:)o<i<: IS @ good sequence i@ (in the sense of
Definition 6.4 of [6]), then put

@)= Caln) .

and

Ce () = C& N(F).
In particular, Cg) (v) = Gif t < 0. Note that the intersection defining
Cg)(y) is really afinite intersection ift < oo (and, ift = oo, then we

have thatCéoo)(z) = cg”@) for ¢ € R sufficiently large). We say (as
in Definition 6.8 ofloc. cit) that+ is anormal t-approximationto an
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elementy € G if there is an element < B(Cg)(z),F) such thaty €

(Tocis %) CE (7). . Sometimes, we will say for emphasis that =) is
a normalt-approximation. In this case, we put

CP(y) =C& ()
() =P (y),
Z3 () = Z(C8 (),

and

2§ () = 28 (N)(F).
By Proposition 8.4 ofoc. cit., these groups are all independent of the choice
of normalt-approximation toy. Note that, ift’ € R andt’ < ¢, theny is

also a normat’-approximation toy, so the notationé?gl)(y) and ng)
are defined; and we have tha ' (7) € 28 (v) € () c ().

We will also writey.; = [],-;-, % andvys; = 7= (so that, with the
pointz € B(Cg) (v), F) as above, we have.; € Cg) (7)zt)- These ele-
ments should be thought of as the “head” and “tailofespectively. By
Corollary 6.14 ofloc. cit, Cg)(y) = Cg(v<¢)°. Although the head and
tail are not independent of the choice of normalpproximation toy, they
are usually “well determined enough” (as described précisdroposition
8.4 ofloc. cit) that we need not specify the choice.

If ¢ > 0, then we putB,() = {:r; € B(Cg)(y), F) ‘ de(yse) > t}. By
Lemma 9.6 ofoc. cit, this is uniquely determined, even thoug}j is not.
(An analogous set can also be defined when 0, as in Definition 9.5 of
loc. cit; but we do not need this.) Sincg(y;) > ifor0 <i < tandzx €
B(Cg) (7), F) (in particular, forz € B;(v)), we have thaB;(y) C By (v)
whenevert’ € R-, andt’ < t.

Ift € @20 andy € G has a normal-approximation, then, in the notation
of Definition 5.14 of [6], we puG = (C% 7 ())gcic; and5 = (i/2)oci<: ,
and write[y; z, 1] = G,.5.

We will also need various “truncation§¥; z, t]") of [; z, t], as in Def-
inition 9.3 of loc. cit. These arise by taking only those termsGnand 3
above with0 < ¢ < 2j. We will append a subscrigf’ (writing instead

lv;z,t] o or [v; , t]]g,)) to indicate that we are constructing the analogous
object, but inside the ambient groap, rather tharG.

Definition 1.4.1. If G = (G°,...,G% = G) is a tame reductive sequence
in G, in the sense of Definition 5.1 of [6], and= (r¢,...,rq) € R‘ggl,
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3 00
CEP Maor = C57 (V) w0t

/ Cg—’_)(’y)xﬂ = Cg’)(’y)x,Z

r Gor=CF (a1

FIGURE 1. lllustration offv; z, 7] in Example 1.4.2

then we write7 (G, 7) for the set
{6 € G| ¢ has anormat,_;-approximation and.,, € G' for 0 < i < d}.

(Note thatr, is a “dummy number” that has no effect on the resulting set
7))

Example 1.4.2.Suppose thaf has a normabo-expansior(v;);>o with the
property thaty, = 1 wheni ¢ Z ori > 3. Thus,y = vy717273. Then

the group[y; =, 7] is a product of various filtration subgroups of centralizer
subgroups of7. (See Figure 1.) The larger the centralizer subgroup that
is involved, the deeper is the filtration subgroup that appedhe group
[v; 2z, 7]® corresponds to the region between the vertical dotted limes
Figure 1.

1.5. Example computation of [; z,7]. We give an extended example to
illustrate how to compute normal approximations and grojps:, ] in
practice. This involves a considerable amount of notatahpf which
should be regarded as being in force for this subsection only

Suppose thaG = GL(V') for some finite-dimensionat-vector space
V. Let~ be an element off = GLg(V). Suppose for simplicity that is
compact and semisimple. We describe a recipe for computiadeading
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term in a normal approximation to. This gives an inductive recipe for
computing a normal approximation tg from which falls out an explicit
description ong)(y), B.(~), and[y; z,r] for r € Rx(. (Although we do
not do so here, it is very easy also to compute the gfeup, r] occurring
in Definition 9.3 of [6] from our description.) Remember tive¢ write
[v; z, 7], rather than jusfy; z, 7], andBE () rather than jusB,(v), when
we wish to emphasise the ambient group.

Note that, in general, there is no canonical choice of noapaloxima-
tion. This is reflected in our recipe in the fact that we havenake some
choices (namely, of a field and a uniformizeto;, of L). The pointis that,
as remarked earlier, the grouﬁg) (v) and[y; z,r], and the seB,.(v), are
nonetheless well defined.

For A € (F*P)*, write E,(V) for the minimal~-stable F-subspace of
V' such that the action of on V/E,(V) does not have\ as an eigen-
value. ThenE, (V) = {0} unlessh € (F*P)5; E (V) = E,\(V) for
o € Gal(F*P/F); andV = @, pueryx Er(V), Where(F=)* is a set
of representatives for the action Ghl(F°/F') on (£*)*. We have for
A € (F=P)* thatE, (V) carries the structure of ai[\]-vector space, where
A acts byy.

PutT = Z(Cg(7)), sothatl’ = T(F) is the set of aly € GLg(V) that
act on eaclhE), (V) as scalar multiplication by an element BfA]*. Note
thatT is maximal if and only ify is regular. Assume further thatis tame
i.e., that there exists a finite, tamely ramified, Galois esien . of I that
contains all of the eigenvaluesof ThenT is anL-split, hence tame, torus.

We now choose, for eacth € R, a setA,; of coset representatives
for L}, as follows. Letw; be a uniformizer ofL such thath(L/F) €
F. Write A, for the set of absolutely semisimple elementd gf (that is,
elements whose order is finite and primep)o If d > 0 and Ly = Lg4.,
then putA, = {1}. If d > 0 andL; # Lgy, then there is some integkr
such thato} € Ly \ Lay. PutAy = {14 Ao | Ao € Ag}. Itis easy to
verify that, for anyd € R>, and\ € A,, the stabilizers irGal(L/F") of A
andAL;, are the same.

Let d be the least index € R>, U {oco} such thatF, (V') # 0 for some
A€ L. Thend = d(v). If d = oo, theny = 1; so we assume that< oo.

PutG, = Rppyr GL(EA(V)). Then there is a natural isomorphism
of [Tyca, Ga With Ce(T), hence a natural injection of it intG. Cor-
responding to this injection is an injection B{[ ], G», F), hence of
[Taea, B(Ga, F), into B(G, F) with certain properties (see Proposition
2.1.5 of [42] or Proposition 4.6 of [6] for details). We wilkkgard these
injections as inclusions.
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Remember that we have chosen a/sgbf representatives fak ;. ,, . For
A € Ly, write s, for the element of\; N AL}, . Lety, be the element of
GLp(V) that acts ont, (V') by scalar multiplication by, € F[A] for all
A € L7. We claim thaty, € T} is good, in the sense of Definition 6.1 of
[6]. Indeed, ifa € ®(G,T), then we have thai(v;) = sys),' for some
AN € Ly. Suppose that(yq) € Ly, . Sincesy andsy are elements of a
set of representatives fdr; . , we have that, = sy, hence that(vy,;) = 1,
as desired.

Further,y = 74 (mod Ty ). Thus,(,) is @a normal(d+)-approximation
toy. Puty.4 = v; 'y € GLx(V). By abuse of notation, we will also write
v=q for the restriction of this element to any spacg V).

The groupng) (v) and[y; x, r]), and the set8 (v), look different de-
pending on the relative values ofindd. For “small values” of-, we have

cP(y) =G forr <d,
and
[v:.1]e = GLp(V)aos  forr < d+ andz € B(CE (v), F).

For “large values” of-, remember that we have identifigfi, ., B(G., F)
with a subset oB3(G, F). If x € B(G, F) lies in this subset and € A,
then we will write z, for the image ofr under the natural projection to
B(G,, F'). With this notation, we have

Cg) (v) = H Cgi (V>a) forr > d,
BE () = ] B*(vsa) for r > d,
AEA,
and
[v;z,r]e = Gayr—ay/2: H [v=a; xx, 7"]]GA forr > d+ andz € B(Cg)(v), F).
AEA,
In particular,
Cg+) (v) = H G,
AEA,
and

B§ () = [] BGA F).
AEA,
Although the recipe given always works, it can result in nakrapprox-
imations with more non-terms than necessary. In practice, it is usually
easy to find a shorter normal approximation to a given eleroett. We
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illustrate this in cas&” = F?, so thatG = GL3(F). There are too many
cases to consider them all, so we give only a few represeatatamples.

If ~ is regular elliptic, then we have thdt is isomorphic to the multi-
plicative group of a cubic extension &f. If v ¢ Z(G)T,., then(v) is a
normaloo-approximation toy. If there exists: € R with » > d such that
v € Z(Q)T, ~ Z(G)T,., sayy = 2t with z € Z(G) andt € T,, then(z, t)
is a normabo-approximation toy.

If ~ is neither split nor regular elliptic, then we may write= V' & V",
whereV’ and V" are v-stable F'-subspaces oV of dimensionsl and 2
respectively. Writey’ and~” for the restrictions of to V' andV”, respec-
tively; G” for GLg(V"); andT” for Z(Cs»(~")). When convenient, we
will abuse notation and consider an operatoi@rto be an operator ol
that acts trivially onV” (and vice versa). Sinc€ is an operator on a-
dimensional vector space, it acts as multiplication by #éescéd. We divide
this case into subcases depending on whichl @ind~” has depthi.

e Suppose that’ and+” both have depth. If v ¢ Z(G")TY,, then
(v) is a normaloo-approximation toy. On the other hand, §” €
Z(G"TY., thenN ™'y € Z(G")TY,. Sincev is not split, there
existsr € R with r > d such that' "'y € Z(G")T! \ Z(G")T"...
Write V' 'n" = 2"t with 2” € Z(G") andt € T”. If 2" has depthl,
then(\'2”,t) is a normabo-approximation toy. If d < d(z) < r,
then(\, 2", t) is a normabo-approximation toy.

e Now suppose that’ has depthl and+” has depths > d. Sincey is
not split, there exists € R with » > s such thaty” € Z(G")T) \
Z(G"T). . If r = s, then(y',+") is a normaloo-approximation
for . If r > s, then we may write/” = 2"t with 2" € Z(G") and
t € T'\T) . ,inwhich cas€’, 2", t) is a normabo-approximation
for ~.

e The subcase wherg' has depthl and~’ has depth greater thakhis
straightforward, but involves several sub-subcases, somwtit.

There remains the case wheiis split. This is handled similarly, but the
plethora of possibilities for depths and congruences anvanigus eigen-
values makes it impractical to give a complete list.

1.6. Representations and charactersRecall that, ifr is a smooth ad-
missible representation a@f, then the character of is a distribution on
G. From work of Harish-Chandra [29] and G. Prasad [4, AppeB]iisee
also Corollary A.11 of [12]), this distribution is represed on the regular
semisimple set itz by a locally constant function. As mentioned§.1,
we will denote by©.. both the function and the distribution. H is an
open subgroup aff andp is a finite-dimensional representation/éf then
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we will often denote by, the functionh — trp(h) on H, and byép the
function onG that is equal t@, on [, and to0 on G ~\ H.

2. REVIEW OF J.-K. YU'S CONSTRUCTION

We review here the construction of supercuspidal reprasens found
in [65]. The terminology of this section will remain in fortleroughout the
remainder of the paper.

If ¢ is a character ofy andx € B(G, F'), then denote byl,(¢) the
smallest index! € R, such that is trivial on G, 4 .

Definition 2.1. A cuspidal datunis a quintuples = (G, ¢, 7, =, pl,), where

e G = (G ... G%=G)isatame LeviF-sequence, and(G°)/Z(G)
is F-anisotropic;

e zliesin B(GY, F), andz € B (GO, F) is a vertex;

e "= (rg,...,rq) IS @ sequence of real numbers satisfying r, <
< gy <rgandry > 0if d > 0;

° 5 = (¢o,--.,0q), Where, for eacl) < i < d, ¢, is a character of
G* such thatl, (¢;) = r; and¢; is G**!-generic relative tac (in the
sense of [65§9]), andd,.(¢4) = 74, Or ¢4 = 1 andry = r4_1;

e p; is anirreducible representationsfibso (Z) whose restriction to
G2 , contains the inflation of a cuspidal representatiot/df,., .

For the remainder of this paper, fix a cuspidal datupwith associated
notation as above. For< i < d, we have the following objects associated
to X:

e non-negative real numbess= r;/2;
e subgroups
Ki = StabGO (T) (G07 BRI Gi)x,(O-{—,so,...,si,l)
and (for: > 0)
‘]i = (Gi_la Gi)x,(ri,hsi,l)a

and
Jo = (G G arsrisin);

e representationg; of K* (see Remark 2.2); and _
e irreducible supercuspidal representations= Ind%:(p, ® ¢;) of
depthr;, in the sense of [46,3.4].
In particular,my = Indgszo (@) Po @ do is a twist of a depth-zero irreducible
supercuspidal representation. Since our calculatiores aff new informa-
tion about depth-zero supercuspidal representationsssteee throughout
thatd > 0.
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Remark2.2 In [65, §11], for0 < i < d, Yu constructs a canonical repre-
sentationy; of stabg:(Z) x Jit1. (However, by Proposition 3.26 of [26],
one actually has considerable freedom in constructingréisesentation.)
Then, by [65§4], o/, , is the push-forward ab; ® (0} ® ¢;) x 1) along the
mapKz Jz-l—l _ KzJH—l Kz-l—l

For0 < i < d, write againg; for the character of7., , ..., induced by
¢;. Then there is an elemeft’ € g'* . such that

=AoX;

¢i o ex,si-‘r:ri—i— i

gw,si+:7‘i+ gl/ S5 + [ +

(Note that the right-hand side makes sense as a m@@,sgp:m +, because
X;(gl,,+) € For € ker A.) By the definition of genericity, we havg; €
3(9i)2,_ri + gi’f(_w. Note thatX is determined only up to translation by
gSL"Ff)Zr the results 0§5.2, we require a hypothesis on the elementghat is

a weaker version of Hypothesis@][ of [26, §2.6]. In particular, by Lemma
2.50 ofloc. cit,, it holds whenevet = GL,,.

Hypothesis 2.3.X; € 3(g')* + g2 for 0 <i < d.

This hypothesis is used only in the proofs of Corollaries®ghd 5.2.9
to allow the invocations there of Lemma 4.1. These resuitguin, are
necessary only for the computations of Propositions 5.2r®5.2.13. If
the hypothesis were dropped, then we could still prove aaersf Theo-
rem 7.1, but it would involve the undetermined quanétyy, v) (see§5.2),
hence be less explicit.

By Proposition 5.40 of [6]stabgi (T) Gy 5,4+ = stabgi (T)(G", G)a (rs+4,5:4)-
We denote by%i the character oftabg:i(T)G. s,+ that agrees withy; on
stabgi (T) and is trivial on(G", G), v +.5,.+)- (In particular, ¢; is trivial on
Gyrit ) If we write againgEi for the induced character @f, ;.. ...+, then
we have that

n *
P 0 &g 5t = Ao X;

as maps Org:B,Si+!7‘i+ .

In order to study the variousZ via induction in stages, we put,, =
stabgi-1(T)G. o, ando; = IndKfZ pi for 0 < i < d. Since we cannot yet
compute the character of the full induced representav'rg)hsall cases, we
will sometlmes consider instead the character; of= Indmb ; Rp; =

IdStab Z®¢Zf0r0§1§d
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Since we will need to use induction on the lengtbf >, we abbreviate
G’ = G* ! (andG’ = G/(F)). Further, we put
r=Tas1, 8= S4-1, 6= a1, X =Xj_1, &= a1, &= a1,
K = K% = stabgo (%) G (04.50,.5.1):
K, = K,, = stabe (T)Gy 0+,
J=J"= (G, @)y 9,
J+—J _(G G) J(r,54))

p=p, 0c=0s=Indk"p, 7=174= Indsmbc(z (

U®¢d)7

and

T =g = Ind% (0 ® ¢a).

That is, omitting a sub- or superscripwill be the same as taking =

d, except forr, s, ¢, X*, ¢, and¢, where it will be the same as taking
1 = d — 1. The “basic ingredient” in our character formula fowill be

Ty = IIldKo Po, @ depthbzeroKsupercuspidaI representation.
Finally, putj = IndjPe @K 5.

Lemma2.4.Fork € K% 'andj € J,
05(kj) = 05(k x j)0-,_, (k).
Proof. By the Frobenius formula,
ki) = D 6s((ki)):
geK\ stab o/ (T)K

We may, and do, actually regard the sum as running @verstabe: (Z))\ stabg (7).
Note that, by Lemmata 5.33 and 5.29 of [6],

K Nstabe (T) = stabgo (Z)Gy 5 N stabe (T)
= stabgo (T)éx7§(d_1) = K4t

(wheres' = (0+, sq, - - ., Sq4_2, Sq—1) @ands(d—1) = (0+, s, - - ., Sq_2,00).)

Fix g € stabg (7). By Corollary 5.21 of [6] stabg (T) normallzes] In
particular,?j € J. SinceJ C K, we have thaf(kj) € K if and only if
9k € K, i.e.ifand only if'k € K Nstabg (T) = K4 1. Therefore, either

(1) 9(kj) ¢ K,s0% ¢ K%', and
0 (9(kj)) = 0= 05(% x 95)0_ os(°k);

or
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(2) 9(kj) € K, s0% € K91, and, by Remark 2.2,
Oy (7(kj)) = 05(°k % 75)0,,_ 06(°K).

Sinceg is a representation efabc () x J, its character has the same value
atdk x 95 = 9%1(k x j) as atk x j for all g € stabg (7).

Thus

Op(kj) =Y 05k % 90y, a6(°k)

=05k % 5) Y 0y 0s(°k)
= O5(k x j)0r,_, (k),

where both sums run over those cosetsifi !\ stabg (Z) containing an

elemeny such thatk € K9!, and the last equality comes from another ap-
stab/ (T)

plication of the Frobenius formula and the fact that, = Ind ., "¢ p);_;®
. O
Lemma 2.5. Res’; ™ @K 5 and Res§y” | o are g-isotypic, andResgy ¢ @ 7

IS ¢4-isotypic.

Proof. The statement about the restriction @follows from our Lemma
2.4, and Theorem 11.5 of [65] (reproduced as Theorem 3.4\ekor the
statement about the restriction ®f fix v € G, and remember we have
the Frobenius formula
0o (7) = Y. 60
g€stab o (T) K\ Ko

We may, and do, choose coset representatjvesthe sum belonging to
Gros,S0thaty = v (mod G,,.). By the first statementy,, .. C ker j.
Therefore,Resggr o IS p-isotypic, so the second statement follows from
another application of the first statement.

Similarly, fory € G, ., we have thaty € G, .. , hence that, () =

~

deg(o)p(9y) = deg(o) (by the second statement), foie stabs (7). Thus
0:(7) =¢a(7) D 0,(%) = [staba(T) : K,]deg(o)da(7),
gE K\ stabg (T)

and the third statement follows. O

3. CHARACTERS OFWEIL REPRESENTATIONS

In this section, we make Lemma 2.4 more explicit by compuiiregchar-
acter of the representatighappearing there. We begin with two general
results on extensions of finite fields. These will be usefuhis section,
and in§5.2.
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In this section, ifB is a non-degenerate bilinear or sesquilinear form on a
vector spacé’ over a fieldF, then we will writedet B for the determinant
of the matrix of B with respect to some fixed but arbitrary basis/ofSince
changing the basis does not change the square class of thigngesdeter-
minant, it will not be necessary for our purposes to spedify particular
bases chosen.

Lemma 3.1. Let

e E/FF be a degree: extension of odd-characteristic finite fields,
e 19 an element o6al(E/F) with 2 = 1, and
¢ A the determinant of the,-Hermitian form onE given by

(t1,t2) — tre/p(tino(t2)).

Then
n+1

sgnp(A) = (— SgnF(SgnGal(E/F)(nO))) )
wheresgng,/r) IS the linear character ofzal(E/IF) whose kernel is the
group of squares.

Proof. Let  be a generator afal(E/F), and{¢; | 0 < i < n} a basis for
E overF. The matrix, with respect to the chosen basis, of the inddtat
pairing isM - no(M)*, whereM is then x n matrix with (i, j)th entry
ne; for 0 < 4,5 < n. Sincen induces a permutation of the columns/af
that has parity opposite to thatofwe have thatlet M € F* (equivalently,
(det M)? € (F*)?)ifand only if nis odd; i.e. sgng ((det M)?) = (—1)"*™.
Similarly, ng induces a permutation of the columnsidfthat is even or odd
according asgn gy (70)" " is 1 or =1, SOA = det M - no(det M) =
s8N Gae/m) (M0)" T (det M)?. The result follows. O

There is an analogue of Lemma 3.1 for arbitrary finite cycladdss ex-
tensions of fields, with essentially the same proof; buttégesnent is more
complicated, so we omit it.

Lemma 3.2. Let

¢ [ be an odd-characteristic finite field,

e 1), an automorphism df with n2 = 1,

o c € {1},

¢ / a finite-dimensiondF-vector space, and

e BB anon-degeneraté, 1)-Hermitian form onl/.
Then the Witt index aB (see[36, §6.5]) is |dim V//2] unless

e dim V' is even,

e =1,

e c=1,and

e det B is not in the square class ¢f-1)4m"/2,
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in which case it igdim V/2) — 1.

The Hermitian condition o8B means precisely that it is linear in the first
variable, and B (v, w) = no(B(w,v)) forv,w € V.

Proof. Let @ : v — B(v,v) be the quadratic form associatedio andF’
the fixed field ofr),. Denote byN the mapt — ¢ - no(¢) from IF to F’. Note
that the image ofV is contained in the set of squaresHin

LetV =V, &V, & V_ be a Witt decomposition of’, so thatV, and
V_ are maximal totallyQ-isotropic subspaces &f that are in duality by3,
andV, = (V. @ V_)+ is Q-anisotropic. Then the matrix @8 onV, & V_,

with respect to a suitable basis, is of the fo(rge[t i >) for some matrix
M; sodet B}w@w = (—¢)4mV+. N(det M) belongs to the square class of

(—e)¥mV+. Let B be aB-orthogonal basis fov;, so thatQ (Y-, . a,v) =
> vep NV (a,)Q(v) for any constants, € F.

Suppose that, = 1 ande = 1. If there are distinct,, v, € B such that
Q(v) belongs to the square class-of)(v;) — sayQ(v2) = —\2Q(v1),
with A € F* — thenQ(\v; + v9) = 0, which is a contradiction. Thus, if
—1 € (F*)?, then no two element§(v), for v € B, lie in the same square
class, implying thatB| < 2; and if —1 ¢ (F*)?, then all of the elements
Q(v), forv € B, lie in the same square class. In this latter cages|it> 2,
then letvy, vo, andus be distinct elements df, and writeQ(vs) = c2Q(v;),
with ¢; € F*, fori = 1,2. ThenQ(c; Avy +capve+ov3) = 0, whereh, u € F
are such thak? + p?> = —1, which is a contradiction. Thus

o |[B|<1,0r
e B = {v1,v2}, and Q(v,) does not belong to the square class of
—Q(v1).
In the former case, iflim V' is even, thenB| = 0, sodim V; = dim V/2,
V, @ V_ =V, anddet B belongs to the square class(ef1)4™"/2, In the

latter case— det B}VO = —Q(v1)Q(vy) is a non-square iff, sodet B =
(det B‘w@v, )(det B, ) does not belong to the square clasg-of )™+ (~1) =
(_1)dim\//2'

If no = 1 ande = —1, then every vector is isotropic fap, soV, = {0}.

If ny # 1, then, sinceV surjects ontd’, we have tha{Q(v) \ v E B}
is linearly independent ovef’. On the other hand, sincB is (g, n)-
Hermitian, we have thaf Q(v) \ v € B} is contained in the-eigenspace
for ny acting onF, which is1-dimensional oveF’. Thus|5| < 1. O

Theorem 3.3.(Theorem 4.9.1 d25].) LetV be anf-vector space equipped
with a non-degenerate symplectic fotm:), and¢ an additive character of
f. Denote by} the Weil representation &fp(1') associated tq (defined
in [25, §2.4]). Fix g € Sp(V).
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(1) If ¢ has no non-zero fixed points, then Iét be a maximaly-
invariant totally isotropic subspace df and putV, = V5 /V..
Then

by (9) = seng((=1)"™ Y det(g],, ) det(g — 1, ).

(2) If g fixes pointwise a lind”, C V, butV, does not have g-
invariant complement i, then

Owy(9) = Oyvo (9),

whereV, = Vi-/V..
(3) If g fixes pointwise a lind . C V, andj is a g-invariant sub-
space ofi’;* such thatl- = V., @ V;, then

Owy (9) =Oyxal9) D C(lgv,v)).

’UEVOJ‘/V+

In [65, §11], there are described a symplectic structure/os, , an ac-
tion of Sp(.J/.J.) on.J/ ker ¢, and an extension of the Weil representation
of Sp(J/J.) associated to to a representation &p(J/.J. ) x J/ ker ¢. We
have that) (see Remark 2.2) is the pull-back of this extensiostib ¢ (7) x

J via the map that restricts to the usual projectibr— J/ ker ¢, and that
takesk € stabq(7) to the symplectic transformation of/ ./, induced by
the conjugation action df on J.

Theorem 3.4.(Theorem 11.5 d65].) é\mxh is p-isotypic, andp

. . . G;,o+'><{1}
IS 1-Isotypic.

Proposition 3.5. The character of) vanishes except on conjugacy classes
intersectingstabg (7) x J; .

Proof. This result is proved for an “abstract” Weil representatiof32].
The details of how to apply the result in our situation are6is, f11]. [

Denote byl" the Galois grougzal(F*?/F'). Forn € I", we will abuse
notation and also denote lpythe corresponding element@fl(§/f), where
fis the residue class field @f™.

Fix a bounded-moduld7(G) elementy € G’ (i.e., an element whose or-
bits in B**4(G/, F') are bounded in the sense of metric spaces). By Proposi-
tion 2.41 of [62] and Remark 6.9 of [6},has a normal0-+)-approximation
(7) (in G andG’). We assume that € B, (). Let T be a maximal tame
F-torus (hence, a tame maximattorus) in G/, containingy,, such that
x € B(T, F); and letE'/ F' be a tame, Galois, strictly Henselian extension
over whichT splits.
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Notation 3.6. Fora € ®(G, T), put
e ', =stabra;
o F, = (FseP)le;
e ¢, = ¢e(F,/F), theramificationindex of,,/ F', andf, = f(F./F),
the residual degree d@f,/F’; and
® fo = fr,-
If —a eI -q,then
e 7, IS any element of" such that),a = —q;
o Iy, isthe fixed field of(I",, 74);
® fio = f(Fia/F); and
L4 f:l:a = fFia-

Notation 3.7. In the remainder 0§3 only, fora € ®(G, T), denote by,
the image of

Lie(G)o(E) NLie(G', G)(E) s (r.s)
in

Lie(G/v G)(E):v,(r,s):(r,s—i-)a

and byV, the set ofl',-fixed points inV,. More concretely, we have
thatV, = {0} if « € ®(G',T); and, ifa ¢ ®(G',T), thenV, =
El(a+s):(a+s)+ » Wherea + s is the affine root with gradient whose value
atz is s. SinceT is E-split, we have thaGal(£™®/FE) acts trivially on
¢(G,T), so thatF,, C E— hence, in particulag,, is not divisible byp —
foralla € (G, T). Put=(¢) = { @ € ®(G, T) \ V., # {0}}, and

Z1(¢,7) = {a € 2(9) | aly) =1} =Z(p) N (CET (1), T),
= (¢,7) = {a €2(9) | aly) #1},
Esymm-1(6,7) = {a € E(¢) | —a € I'-aanda(yy) = -1} C E(¢,7),
Egymm(®:7) = {@ € E(¢) | —a € T-aanda(yy) # £1} C E'(¢,7),

and

=M, 7) = {a € Z(¢)| —a T -aanda(y) # 1} € (¢, 7).

We will omit ¢ and~ from the notation when convenient. Note that all
of these sets ar€ x {+1}-stable. (Recall that—a)(y) is a(y)~", not
_( ( )) ) We denote b)bl(gﬁ ’7)! Ssymm — 1(¢7 ) and“symm((bv ) sets of
representatives for th-orbits in the appropriate sets; and BY™(¢, ~)

a set of representatives for thex {+1}-orbits in Z%™™  Finally, put
fsymm‘(éﬁﬁ) - %Symm—l Uz ~symm' = (¢7 7) = ~symmU +2 Symm' =(p,y) =

= UEY andf(Esymm(9. 7)) = Zaessymm fa-
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Proposition 3.8. With notation and assumptions as above, we have

057 x 1) = [(CH7 (1), CE ) atrsrtrsn |2 €(6.7),
where

e(¢,y) = sgny(—1)/Esmre02 0 TT - sen (a(y0))

aEeEImM(,7)

x H sgny, (1 — a(70)).

We are using Theorem 3.3 (Theorem 4.9.1 of [25]) in our cakbomhs.
Since we are only evaluating the character of the Weil regpragion at
semisimple elements, it may be convenient for some purgosese Corol-
lary 4.8.1 of [25] to write the signa(¢, ) in a different form. We do not do
this here.

Proof. Write V = (G, @) (re):rmst)s VOO = (COV (1), CE (1)) rs)e(rs i)
Yy = (G/,G)(E)x (TS) (r,54) andV = Lle(G/ G)( )x (r,8):(r,5+) - Recall
thaty = J/J, carries a symplectic pairing; we will describe it expligitl
below. By Corollaries 2.3 and 2.4 of [65], we have lan(~)-equivariant
isomorphismy = V (essentially, the restriction (ﬁw) that restricts to
an isomorphisny; : V = V! (alsoInt(y)-equivariant, of course). We

have thai([g1, g2]) = A(X*[j1(g1). j1(g2)]) for g1, g2 € V. TheInt(y)-

equivariant map
Jacz — Z Z

a€= nel/Tq

furnishes an isomorphism : @, .= V. = V' such thatj,(V®+)) and

j2(PBaez: Vo) are complementary. Thus, there islan(+)-equivariant iso-
morphism

(3.1) vV B Vie @ Vie=V,

Clte_.symm agEsymm

whereV., =V, @ V_, for a € =™

The (additive) pairing oWV is (g1, g2) — tryr, X*[j1(91), j1(g2)], where
IF, is the finite field withp elements. (In [65§11], Yu works instead with
the multiplicative pairinggi, g2) — q@([gl,gQ]); but this is identified with
our pairing after an appropriate choice of embeddipg— C*.) We write
B for the pairing on induced by (3.1). Thew©+) is B-orthogonal toV,
for all a € =, V, is B-orthogonal td/; unless—3 € T - a, and
(3.2)

B(X, X') = eq try, p, X*[X,0.X"] for X, X' € V, with & € Zgymm
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In particular, the sums on the right-hand side of (3.1)Brerthogonal.
Write againyy for the symplectomorphism df induced byy. By Corol-
lary 2.5 of [25],

(M O;(yx1)= WV(O“ H QWVa H 0 V:l:a

Q€Esymm agzsymm

where( is the character induced by the restrictiondofo J, (as in [65,

§11]).

By Theorem 3.3(3), since acts trivially onV*+), we have that

imp, V(O
(3:3) Oyypiom () = P ¥ 2= [(CS7 ), CEV ) amsrmsn |-

Fora € =', we have thaty acts onV,, without non-zero fixed points.
Thus, our remaining calculations may, and will, use TheoBes(1).

Fora € =™ we have that/, is a maximah-invariant totally isotropic
(indeed, a maximal totally isotropic) subspacé/f,; andV-/V, = {0}
(the perpendicular taken ii.,). Sincey acts onV,, = f, by multiplica-
tion by a(vo), we have thatletr, (V‘VQ) = Ny, /r,(a(70)); SO, by Theorem
3.3(1),

(3.4) Oyvea (7) = sg0g, (Ny. p, (2(70))) = sgny, (2(70)-

Fora € Esymm_l, the restriction of5 to V,, is nondegenerate, gomy, V,,
is even. Any maximal totally isotropic subspacéffis y-invariant, so rea-
soning as above gives
(3.5)

Ouyzo (1) = s (=1 Vo2

dimg Va /2 fo/2

= sgn;(—1) = sgn;(—1)
(We have used the fact that, [jf: IF,] is even, thergn;(—1) = 1; and, if
[f : Fp] is odd, themsgny(—1) = sgnp (—1).)

Finally, fix o € Es‘ylmm. Note thatGal(F**/F") acts onV, by a
linear character, an@al(F"/F,) acts onV, via the natural projection

to Gal(5/f.). Thus,V, = V=) is a1-dimensional,-vector space.
ChooseX,, € V,\ {0}, hence an,-linear isomorphism,, : V, — f,, and
putc, = X*[ X4, n.Xa] € fa, SO thaty,c, = —c,. By (3.2),:, identifies
the restriction of53 to V,, with the pairing(t;, t2) — eq try, /r, (Ca - t17a(t2))
on f,.

Suppose thalV is a~-invariant totally B-isotropicF,-subspace o,.
By abuse of notation, we identifiy” with its image., (W) C f,. Since
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7 acts onWW by multiplication bya(~,), we have thatV' is anF,[a(vo)]-
subspace. Further, for, t, € W, we have that

Ca ter [o(0)]/Fp ()\ trfa/Fp [oe(70)] (CO‘ ' tlna(t2)))
= €a i, /F, (Ca - (M1)7a(t2)) =0

forall A € fla(yo)]; SOB'(t1,12) := trs, /m,[a(0)) (Ca - t17a(t2)) = 0 (since

eq IS not divisible byp). That is,IV is totally B’-isotropic. Conversely, it is
clear that arF, [a(~)]-subspace of,, that is totally B’-isotropic is carried
by, to ay-invariant totally B-isotropicF,-subspace o¥.,.

Letf, = (fo)+ @ (fa)o @ (fo)— be a Witt decomposition foB’, so that
(fa)+ is @ maximal totallyB’-isotropiclF, [(vo)]-subspace of,. We have
that B’ is (—1, n,)-Hermitian. Denote byy(v,) the image inf, of a(v).
Sincen,aly) = a(y) ' # a(y), we have that), is non-trivial on
F,[a(70)]. We record two consequences of this fact.

e [F,[a(0)] is not contained in the unique quadratic subfield = {7~
Of fo, SOdimp, a(vy) fo IS Odd.

e PutQ = |F,[a(v0)]™]|. Then alsaj,a(yy) = a(y)?. This means
thata ()9t =1, so

(*) SgnFP[a(ﬁm)](a(f}/O)) = O‘(WO)
Now Lemma 3.2 gives

dim(fa)+ = (dimfo —1)/2 = dim(fa)-,
sodim(f,)o = 1 (all dimensions being taken ov&p[a(vo)]). Put(V,). =
1ot ((fa):), wheree € {+,—,0}. Then(V,); is a maximah-stable, to-
tally B-isotropicF,-subspace o¥/,, and(V,)/(Va)+ = (Va)o (the per-
pendicular taken if,). Sincey acts onV, = f, by multiplication by
a(%), we have tha‘detFp(v}%H) = NFP[Q(VO)}/FP(Oz(’}/o))(dlmf(‘_l)/z and
?e)typ (v = ny) = Negatonsr, (@) = 1); so, by Theorem 3.3(1) and
* )

@-1/2 _ 1

dimey 5002 sgng oo (@(20) = 1)

(dim fa—1)/2

By () = s, (<1)
(3.6) X SNF, [a(70) (¥(70))
= Sgnf(_l)fa/2 Sgnf(y(a(%) -1)

(where we have used in the last equality the facts fhat is the product of
dimg, F,[a(70)]/2 and the odd numbelimg, [,y fa, @Nd thatgng |

sgn;  ONTF,[a(70)]™).
Upon combining f) with (3.3)—(3.6), we obtain the desired formula.]

a(y)] —
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4. VANISHING RESULTS FORH,

In this section, we consider the support of the charactehefépresen-
tationo = o4 of K, = stabe (T)G. 04 induced from the representation
= p,of K = K% We will show that it is much smaller than would
naively be expected from an understanding of the suppdhes€haracter
of o/ (or, better, ofp).

Recall that we have associateddo= ¢,_; an elementX* = X |, €
3(¢)%, + ¢, For any finite, tamely ramified extensiah/F, let

¢r be the linear character & (E), ..., such thatppoe? , . = Ao
X* Lie(G)(E)espors We will aIsoAviengE as a cbaracter dﬁ‘:(E)x,er. This
is analogous to the definition gfin §2; in fact,ng\G. L= 10)

Gost+
Lemma 4.1. Suppose that

e [/ Fis afinite, tamely ramified extension,

e d € Randd > s,

e H is a reductive, compatibly filteref-subgroup ofG (as in Defi-

nition 4.3 of[6]),

e H contains anF-split maximal torusT in G/,

e z € A(T), and

o X* € Lie(T)"(E) + Lie(G')"(E) g (—a)+ -
Thengy is trivial on (H, G)(E),.(r+.a)-

Proof. We may, and do, assume, after replacingpy F, thatT is F-split
andX* € Y + g _,, with Y™ € t*. Further, there is no harm in taking
d < r. Sincegr = Ao X*oe;,... as maps oriH,G)s i .ay(trt)
(indeed, onG, s1.-+), and since, by Hypothesis A.1(69, .- carries
Lie(H, G) g (r+.d):(r+r+) ONO (H, G) g (r1.0):(r+r+), it SUffices to show that
Ao X*is trivial onLie(H, G)y (r+,4)-

By an easy analogue of Proposition 5.40 of [6],

Lie(H, G)s,(r.d) C Dot @ (£ N gaa),

wheret!t = Dococ ) do- Sinced, (X*) = —r, we haveh, . C ker(A o
X*). ForX € t" Ng,q, we have thal\*(X) = Y*(X) = 0 (mod Fp.),
hence that\(X*(X)) = 1. O

Remarkd.2. Preserve the notation of Lemma 4.1. Singe = ¢ and

X" esd) +9; . St +g; ., wealways have that is trivial
on(H,G)y i IF X* € 3(¢)" + g, _, (for example, if Hypothesis 2.3
is satisfied), then, by applying Lemma 4.1 to a decreasingesex ofd’s
converging tos, we see thad is trivial on (H, G), (v, s4)-
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Proposition 4.3. Suppose that € R>, andy € G. If
o { <,
e t < s, or~ has a normat-approximation and: € 5,(y), and
e € Stabgl(f)Gxﬂf . G0+ (stabG/(E)Ger),

thend,, () = 0.

Proof. Note thaty ¢ X (stabe (7)G,.4). Recall thatr = Indf” o/, so
suppf, C X2 suppd,. By Remark 2.2 and Proposition 3.5pp 6, C
K(stabe (T)Gy 1 ). Thus the result is clear far < s, so we assume that
t>s.

By Proposition 9.14 of [6], there ik € G, . such thatZ (y) C @',
Sinced, (*v) = 0,(v) andx = kx € B;(*v), we may, and do, replaceby
k
Y.

Then, since: € B,(v), we have that~, € G,.,. Now, forh € Cg) (V) zr—t
we have thaty™, k] = [13;, k] € G, ; SO, by Lemma 2.5,

0, (7) = 0,(") = 0,(7) ([}, b)) = 05(7) - [y21, D] (h),

where[ys,, ¢] is the charactey — ¢([v5,, g]) of G\

If [vs, @] is non-trivial onC(v),,_, then we are done; so suppose
that it is trivial there. Then considér € (CY(7), @)a.(—+r—t)- BY
Lemma 5.32 of [6],[5,,h] € (Cg)(y),G)x,(Hm). By Lemma 4.1 and
Remark 4.2, we have that is trivial on (Cg)(y), Q)+ Therefore,

o0 dl(h) = é(lzf,h) = 1. Thus[ys, 6] is trivial on C& (7).
and (Cg)(y),G)x ((—t+.r—t)» hence, by Proposition 5.40 ¢dc. cit., on
G.,—+. By Lemma B.1, thls means that, € (G',G)y 114). Sincey«, €
Z8(y) € @' andy., € stabg(Z) (by Remarks 6.10(1) and 6.10(2) of
loc. cit, respectively), we have = vy, € stabe (T)G, ¢+, Which is a
contradiction. O

Corollary 4.4. If v has a normalr-approximation andz € B,(v), then
0,(7) = O unlessy., € 9=+ stabe (T).

Proof. By Proposition 4.30,(y) = 0 unlessy € %o+ (stabg/ (T)Gy.)-
By Corollary 9.16 of [6],y € “=+(stabg (T)G,.,) if and only if v, €
G0+ stab(;/ (E) ]

Corollary 4.5. If v has a normalr-approximation andG'/Z(G) is F-
anisotropic, therd, (y) = 0 unlessr € B,(y) andy., € %=+ stabg (T).

Proof. This follows from Lemma 9.13 and Corollary 9.16 of [6], andrGle
lary 4.4. O
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Corollary 4.6. If v has a normalr-approximation andG’/Z(G) is F-
anisotropic, then

90(7) :8 (’Y<7") ’ [ mr](7>r)$( )
0o (v<r) - [BICE (1), P))(@) - [Ga ) (v20)E(721)
= [Gw’“G/](%r)ﬁo(%r) (BCE (), (@) - [Garl (v2r)(72r)-

G
The notation indicates that (y ) = 0,(y<r)0(7>,) if all the characteris-
tic functions appearing are andd, (v) = otherwuse

nlessv>r € G,,. By Lemma 2.5,
(v<r)d(7=,). By Corollary 4.5 again,
F)andy, € Gaor G N 7y, € Coor @G,

0 (7<r) = bo(7<r)- a

Proof. By Corollary 4.50,(v)
if 7>, € Gup, thend, (v) =
0, (7<) = Ounless: € B(C )(
thenv_, is in the domain ot so

a0
:

5. INDUCTION TO stabe (T)Gy 0+

We have just shown that the charactersofanishes “far fromG’”. In
this section, we will compute the character on a large sulifsetbq (7).
By Lemma 2.5, we will then have character values on a largesetudf
stabg/ (T)G,,-. (TO be more precise, unless certain tameness and compact-
ness conditions are satisfied, we must place mild restnstan the ele-
ments at which we evaluate the character. See the follonanggpaph and
the beginning ofs6 for details.) The resulting formula (see Proposition
5.3.3) will be expressed in terms of the character of theasgmtation,_
of stabe(Z) induced from the representatiph |, ® ¢ of K91

In this section, we suppose thate G’ has a normat- approximation
v = (7:)o<i<r IN G, and thate € B,(y). In particular, by Remark 6.10(2) of
[6], we have thaty € stabg/ (7). We will eventually (after Corollary 5.1.5)
also require that be semisimple.

5.1. The Frobenius formula for 6,. The followingad hocdefinitions are
useful for cutting down the number of summands appearingerFrobe-
nius formula.

Definition 5.1.1. Forg € G, o+ , put
j(g) =sup{j € RypU{oo} | g € [v;2,7]Cay}

and

i (g) =sup{i(d'9)| ¢ € Gros}-
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If j(g) < oo, put
i(g) = sup {i € RU{o0} | g € 1132, 1(CE (), Chrsionator |
and
t(g) =sup {do([y"", gh)) | b € G jg)+}-
If j4(g) < oo, put
it(9) =sup{i(g'9)| ¢ € Grpy.3(9'9) = 3" (9)}

and

tH(g) =sup{t(d'g) | ¢ € Gror,i(d'9) =i (9)}.

The numbers(g) andj(g) are different measures of how fais from ly-
ing in the groudy; z, r]. Remember from Figure 1 on page 12 thatz, r]
looks somewhat like a skyscraper that becomes narrowerdotha top.
The vertical direction represents depth, while horizontation toward the
center is analogous to moving through successively smillerank re-
ductive subgroups d& (the connected-centralizer subgro@ﬁg )). The
quantityj(g) tells us the vertical distance frogddown to a roof oﬂh, x,r].
(Of course, ifg € [v;z,r], then we havg(g) = co0.) The quantityi(g) an-
swers the question: When we've gone doyyn) floors, landing on a roof
of the skyscraper, how far toward the center must we travetder to hit a
wall?

Remarls.1.2 Sinceg, [y, g] € G0+ , Wwe have thaj(g), t(g) > 0. How-
ever, it is possible thatg) = 0.

Since{j € Rxo | G, # G, } is discrete, the supremum in the def-
inition of ]( ) is actually a maximum. Suppose thdly) < oco. Since

{z € R’ v) # CEP (4 )} is discrete, the supremum in the definition

ofi(g) is actually amaximum. Iy, gh] = 1 for someh € G, j(,)+ , then
obviously the supremum in the definition#df) is a maximum. Otherwise,
h — d,([y~*, gh]) is locally constant on the compact s&t ;(,)+ , SO the
supremum in the definition d@fg) is again a maximum.

By Proposition 5.40 of [6],

[v; 2, ") (CS ™9 (4), @ i sorn) S 1 25 71 Giors

soi(g) <r —2j(g).

If h € Gy i)+, theni(gh) = i(g), j(gh) = j(g), andt(gh) = t(g).
SinceG, s C [[’y,x r], we have thaji(g) < oo if and only if j(g) < s, so
the functions;, j, andt are all invariant under translation Iy, , .
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The functiong’ — j(g'g) is locally constant on the compact <& . ,
so the supremum in the definition gf(g) is actually a maximum. If
jt(g) < oo, theng’ — i(g'g) andg’ — t(g'g) are also locally constant
on the compact sefg’ € G, | j(g'9) = j*(g9)}, so the suprema in the
definitions ofit (g) andt!(g) are also maxima.

As above, ifj*(g) < oo andh € G, i, thenit(gh) = i*(g),
jt(gh) = j*(g9), andt*(gh) = t*+(g). Furthermore;j*(g) < oo if and
only if j*+(g) < s, so the functions*, j*, andt* are all invariant under
translation byG, ;. Obviously, they are also invariant under left translation
by G, o, , hence (by Proposition 5.40 of [6]) also b§’, &), (0+,s) @and (if

J(g) < 00) bY (G, Gy o 5 (g)+)-
Lemma5.1.3.Fix g € G0+ . If j(g) < 00, thent(g) =i(g) + j(g).

Proof. Putiy = i(g), jo = j(g), andt = t(g), sog € [v: 2,7](CE” (1), G ). i jos)-

Sinceig < r — 2jy, we have by Proposition 5.40 and Remark 6.7(4) of
[6] that

[ 2. 71(CE” () Dastiniots = 132719 CE (7)o Gl -

Chooseh € [y;z, 7] 9G4 jos N CE ()4, - Then there ishy € Gy oy
such that: € [y; z, 7] gk.

Note thath_lvh] h>zovh] € GI »io+jo - If h_lvh] € G ;(to+jo)+
then Lemma 9.8 ofoc. cit. givesh € (Cg‘)*)(y),G)%(JO,JOJF), S0g €
Iv; , r]](cg“’(y), G (jo.jo+)» CONtradicting the definition af. Thusd,([y~!, h]) =
20 + Jo-
’ Sujgpose thaty=',h] € G, . Then, by Remarks 6.7(1) and 6.10(3)
of loc. cit, the fact thayk;h =" € [v; z, 7] implies thatjy ™, gk;h '] €
G.r—j,» hence thaty ' h] = [y, gk1] (mod G, ,_;,). By the definition
of t(g), we have[y™, gki] € Gr4y+. Thusr — jo < to, SO[y" 1, R €
Gar—j,- By Lemma 9.8 ofloc. cit, h € (Cg_%)(v),G)I,(jmﬁ) C
(Ce*" (), G o) 09 € [0, 71(CE (1), G o) contradict-
ing the definition ofi(g).

Thus[y™! h] € Gy 4o+, SO0 + jo < to. Suppose that + jo < to. Then
there isky € G, j,+ such thafy™, gks] € Guty C Ga(igrio)+ - We have
h € [v;x, T]](jO)Gx,jOJrgb — say,h = Wgky, wWith b’ € [v; z, T]](jo)Gx,jOJr
since [v;z, 7" C [ysipi2,1]" € [y24; 2, (io + jo)+), and clearly
Gx,jo-i— - [’722'0; Zz, (iO + jO)"—] we have that

[ R = [z B = D2is W7 5k 9Ra] € G igrgrs - " 2k F2).
By Lemma 9.8 of [6] gk, € [v; x, to], where]y; z, to] is as in Definition 9.3
of loc. cit. Since[y; x, to] C [v>4,; x, to], we have by Remark 6.10(3) tufc.
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cit. that_hz_ilovgkﬂ € G:B,to c G%(io-i-jo)-l- » SO a|SO[’}/_ ] € G (io+go)+ » &
contradiction. O

Corollary 5.1.4. Fix g € G0+ . If j2(9) < oo, thentt(g) = it(g) +
-1
i~ (g)-

Proof. By Remark 5.1.2, there is somée G, , such that(g'g) = i*(g)

and;j(g'g) = j=(g)- Thust™(g) > t(g'g) = ilg'g) + i(g'9) = i*(g) +
j*(g). Similarly, there is somg” € G/, ,, such thatj(¢"g) = j*(g) and

tg"g) = t(9). Thust™(g) = tlg"g) = ilg"g) +.j(g"g) < i*(g) +
i+ (9)- O
Corollary 5.1.5. Fix g € G0+ . If j(g) < oo, thent(g) < r — j(g). If
j*(g) < oo, thentt(g) < r — j*(g).

From now on, suppose thatis semisimple. This condition can be re-
moved if desired by observing that all the functions in whies will be
interested are locally constant; but, since we will only tigemain result of
this section (Proposition 5.3.3) when the semisimplicitgdition is already

satisfied, it is not a serious restriction.
By Lemma 8.2 of [6]y is @ normal-- approximation toy in G’, so that it

makes sense to speak of groups such“gé.s ) below.

Lemma5.1.6.Fix g € G, o4 Withj*(g) < co. Thereisg™ € (G, G), (0152 (9)+)9
such that

iJ_ iJ_
bt € (€M), CE PN nit @it
Proof. Putiy, = i*(g), jo = j*(g), andt, = t*(g), S0iy + jo = to
(by Corollary 5.1.4) and, < r — j, (by Corollary 5.1.5). Put alsbl =
C(“’)( ) andH' = Cg?)(v). By Remark 5.1.2, there ig' € G, ,, such
thati(¢'g) = i andj(¢'g) = jo. By Lemma 5.1.3, we have tht-)(tg g) =

i(9'9) + j(g'g) = io + jo = to. In particular,g’g € [v; z, r|(H, G)zijo.jo+)-
By Remark 6.7(4) and Proposition 5.40 of [6],

s 2, 7D (H, G ooy = [ 2 7]V (H, G oot

and

<H7 G>x7(j07j0+ (H G) (Jo,jo+) (H/ H)xv(jo-hjo)'

Since the commutator @f,, o, with (H G) Gorjot) © Gajo liesinG,, ;. C
(H,Q)a.(jo.jos)» We have thafy; z, r]Y) C G, normalizes H, G).. o jo1)-
Thus we may writg)/g = k'g1k_, with k' € (H', Q)2 (jo.jo+)» 91 € (H', H) 2 (jo+.jo)»
andk_ € [y;z,r]". Sinceys,, € H, (orstaby (T), if ig = 0), Lemma

x,10
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5.32 (or Corollary 5.21, if, = 0) of [6] gives

il = 3 01 € (H', H) uot.0)-
Further, Remarks 6.7(1) and 6.10(3)lof. cit. give

[7_17 k—] € Hl’,?”—jo g Hlnto-i- )
hence* [y~ k_] € H, 4. . Thus, ifg* = g;k_, then

el =N al T kel € (H H)a o o)
Sincegtg™t = k'¢' € (G', Q)4 0+,jo+), We are done. O

5.2. Gauss sums.In this section, we consider (in the context of our char-
acter computations) certain sums associated to non-degenguadratic
forms on vector spaces over finite fields. We call these sums$sums
since, for al-dimensional vector space, they are a special case of cdhssi
Gauss sums (see [485.2]). We begin with a simple result that computes
such objects.

Definition 5.2.1. Recall that, in§1.1, we chose a square rogt-1 of —1
and used it to construct a non-trivial additive charadtef f. Put

= (=Dl p=1 (mod 4)
Ga(f) = {(_\/__1)10gp|ﬂ, p=3 (mod4).

Lemma 5.2.2.Let V' be a finite-dimensionglvector space, an@® a non-
degenerate symmetric bilinear form &h Put&(V, B) = [V| />3, ., A(B(v, v)).
Then

&(V, B) = sgny(det B)& (f)*™ V.

Proof. Notice that, ifV is 1-dimensional and, € V' ~ {0}, then

> A(B(v,v)) =Y At*B(vg, o))

veV tef
= seny(t)A(tB(vo, v0)) = sgny(B(vo, v9)) Y sgny(t)A(t)
tef tef
wheresgn (0) = 1. By Theorem 5.15 of [43], this latter sum equals
sgng(B(vo, v0))Ba(f) = sgng(det B)&,(f)4™ Y. Now notice that, ifl” =
.., Vi is an orthogonal direct sum decomposition and,ifer I, 5; de-

notes the restriction aB to V; x V;, then we have (with the obvious notation)
&(V,B) =[l,c; ®(V;, B;). By Theorem 6.21 of [43], we are done. [J

Remarks.2.3 Itis also possible to compute a Gauss sum asinLemmab.2.2
by re-writing it as)",.; N,A(b), whereN, = |{v € V| B(v,v) = b}| for
all b € §. We can then use the explicit computations\gfin Theorems 6.26
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and 6.27 of [43], together with the fact thét () = sgn¢(—1), to obtain
the desired result.

Definition 5.2.4. Put
&(¢,7) = > o[y, g])

g€y 15 8D ()a,s\brsz ]

and

&(¢,7) = |6(,7)| " 6(4,7).

In this subsection, we will compuies| = [&(¢, )| and® = &(¢, 7).
The proof of the main result (Proposition 5.2.13) is quitesel, in structure
and content, to that of Proposition 3.8. A similar result equs in [64,
sVII.5].

Recall (see Definition 6.8 of [6]) that, singés a normak-approximation
to v in G', in particulary.,. is tame inG’. Let T be a maximalF'-tame
(hence, sincd&’ is F-tame, anF'-tame maximal) torus iG’ containing
V<. Let E/F be the splitting field ofl". Recall that we defined, at the be-
ginning of§5, a charactep s of G(E),, s+ that extend®| , . and is trivial
onG(E), 4 - ’

Forg, g1, 9> € [7; 2, 7)), PUL

Q(g) = dr([y . gl) and B(gi,g2) = 65 ([lg2.77"] 91])-

Except in Corollary 5.2.9, we will be interested only in thestrictions of
Q andB to [[v;x,r]](s) (respectively,[[y;x,r]](s) X ﬂv;x,r]](s)); however,
we could not find a proof of Corollary 5.2.9 that did not inwelpassing
to extension fields. We will show tha® is, in some sense, a quadratic
form (see Corollary 5.2.9), so that we can realzexs a Gauss sum (see
Proposition 5.2.13).

It is straightforward to verify that

(5.2.1)  Q(g192) = Q(91)Q(92)B(91,92) forgi, gz € [[%%7’]]((;)@)'

By Proposition 5.40 of [6], any elemehte [v; x, r]](cj)(E) may be written
as

(5.2.2) =[] b, withh; € CE ) (E)eppforo<i<r.

o<i<r

If g1,92 € [[v;x,r]](cj)(E) andg; = [[,-,-.g;; are decompositions as in
(5.2.2) forj = 1, 2, then one verifies inductively that there are elemehts



SUPERCUSPIDAL CHARACTERS 35

glzgzzc(l) (’7) (E)x ((r—1)/2)+ fOI' 0 < i <r SUCh tha(Hzo<z<r gl’) (Hio<i<r g2i) =
[L;,<icr 9i fOr 0 <o < r. In particular, fori, = 0, we obtain

(5.2.3) gng= ][] d-

o<i<r

Lemma 5.2.5.1f g € [y:z,7] &5 andg = [],.,., g: is a decomposition
asin(5.2.2) thenQ(g) = [[o-ic, Q(i)-

Proof. One verifies inductively thaty ", g = T, .;.,[v"> gi] (mod G(E). )
for 0 < iy < r. SinceG(E),,. C ker ¢p, evaluatingy; at both sides of
the above identity fof, = 0 gives the desired result. O
Corollary 5.2.6. Q is constant on cosets ¢f_,; x r+]]G(E The restric-

tion of Q to [[y; z, r]**) is constant on right cosets §f; z, r]]G, :

The appearance dfy.,; z, r+]](cf)(E) in the statement of the corollary is
somewhat unexpected. It appears becauisgelf might not have a normal
(r+)-approximation. If (as will usually be the case, by Lemmad.[B]) it

does have such an approximation, thenz, r+]]G(E [ver: 2, r+]](c‘§)(E)

Proof. By Proposition 5.40 of [6], any element € [v-,;z, r+]](é)(E) may

be written asg; = [y, g+ With g4, € CE () (B =

Cg)(v)(E)x (r—i)/2)+ TOro <i <r.If g € [;, r]]G () @ndg = [locicr 9
is a decomposition as in (5.2.2), then, by (5.2.3) and Lem@& 5 (g) =

[Towicr Qg1) andQ(g,9) = [Toe;e, Qgl) Wherey, € g, igiCE (V) (E)a iy 2+ =
Cg) (V) (E)a,((r—i)/2)+9: for 0 < i < r, so it suffices to show tha@(g;) =

Q(g;) for0 < i < r. Indeed, for such, putk; = glg; ' € Cg)(v)(E)x,((T_i)/2)+.

Upon applying Lemma 5.2.5 again (this time, withplaying the role of

g for e sufficiently small), we obtainthad(g!) = Q(k:)Q(g;) = ou([y ™", k])Q(gs)-
Further,

[7_1a ki ] [7<r’ ki ] (mOd G(E):c,r—i- - ker QgE)a
so it suffices to show thay_!, k;] € ker ¢p. Since
bz kil € GE)uoiis = (C& (1) G)E)a((rtiryar-(r+ir/2)+)
andy., € Z(C(y)), Lemma 5.30 of [6] gives
et kil € (CE (), CYE (i)

and Lemma 4.1, Remark 4.2, and Hypothesis 2.3 give [that, k;] €
ker ¢z, as desired.
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~

If g € [v;x, r]](s) andg’ € [v;x, r]](Gs,) then, SincejSE}G L= )
and¢ is invariant under conjugation kY’ o, » we have

ch,s+

~

Qg'g) = ou(lyv ", g'9) = (I, ')
= (v )" (M (v, 9) = (v, 9))
= éu(v ", 9]) = Qo). O
Lemma 5.2.7.1f g1, 92 € [v; :c,r]](cj)(E) andg; = [],.,., g;; are decompo-
sitions as in(5.2.2)for j = 1,2, thenB(g1, 92) = [[y<;<, B(91i, g2i)-
Proof. By (5.2.1), (5.2.3), Lemma 5.2.5, and Corollary 5.2.6, weethat,
for suitableg.,

Q(91)Q(92)B(91, 92) = 2(9192) H ng H QA(g1i92i)

o<i<r o<i<r
H Q glz g2z (gu,gzi) = Q(g1)Q(Q2) H B(gliag%)- O
o<i<r o<i<r

For0 < i < r,letY;beanyelementaf, ;. (V). If g1, 92 € [7: 2, r]]G
andg; = [],.;., g;; are decompositions as in (5.2.2) fpe= 1, 2, then put

(5.2.4) logy VB(g1,92) = & > X*[[Vi, Xai, Xui],
o<i<r

wheret — tis the natural map from, to f, andXy; € (ef () o). (r—iy2ye) " (956)0

Lie(Cg) (V) (E)g,(r—iy2 for 0 < i < randj = 1,2. Note that there do ex-

ist elementsX; in the indicated intersection, by Lemma A.4; and that this
definition does not depend on the choices of the varig@nd.X ;.

Lemma 5.2.8.log, +/B and B are symmetric, and

3(9191792) = 8(91,92)8(91,92),
log, \/E(glgia 92) = log, \/E(gh 92) + log, \/1_3(917 92)7

and
(A(logs VB(g1,92)))° = B(gr, g2)

for g1, 91, 92 € [v; x, T]]G(E

Of course,B andlog, v/ B exhibit analogous behaviors in the second
variable, by symmetry.

Proof. The symmetry and multiplicativity o8 will follow from those of

log, VB.



SUPERCUSPIDAL CHARACTERS 37

By Lemma 5.2.7 and (5.2.4), it suffices to show the desirets faic each
Cg) (V) (E) g, r—iy/2 - Accordingly, fix0 < i < randgl,gg € C( (V(E)z,(r—i)/2 -
Let X; € Lie(Ce (1)) (E)ar—iy/ Satisfyg; € e o (X;) for
j=1,2.Then

[[E)Xl]yXZ} = [[E)XZ]le} + [)/;7 [XlaXZH
by the Jacobi identity. 4 '

SinceT is a maximal torus irﬂg) (v), we havey; € Zg) (v) C T. Since
[%,[gl', %] € CY(v)(E),,, Lemma 5.30 of [6] gives, 91, 92]] €
(T, C J (V) (E)z,r+r)- By two applications of Hypothesis A.1(5), we have
that [V, [X1, Xo]] € (eZ,...) 7" [, [91. 2] ], hence (by Hypothesis A.1(6))
that

[Y;, [ X1, Xa]] € Lie(T, C& (1) (E)atrer).
By an easy analogue of Proposition 5.40 of [B];, [ X1, X.]| € Lie(T)(E),.®
(Lie(T)*(E) N Lie(G)(E),,), whereLie(T)*+ = Do Lie(Ga-
SinceX* € 3(¢/)* + g,,+ C ' + g5, . we have thaf{* [Y;, [ X}, X;]] €
Ey,, s0
logy VB(g2, 1) = 3X*[[Vi, X1, Xo] = 3X*[[V;, Xol, X1] = log, VB(g1, 92).

Now fix ¢] € CG (V) (E)z,(r—iy/2 » and choos&| € Lie(C(i)( N(E)z,(r—i)/2

e :
such thalyy € &, i)z o—iy/2+ (X1): THEN, SINCEY ) 51—y 214 18
a homomorphism, we have that; € el . o.(r—i 21 (X1+X7), and it
follows immediatelythalogA VB(919}, g2) = loga VB(g1, g2) log, VB(g}, g2)-

Finally, note thaf[g., 7], g1] = [[92,7%1]791] = (92,7 '], 91] (mod Gy ,y)
and, by two applications of Hypothesis A.1(5) and the faett tfj '

ef,r’:r’-i-(yi)’ that[[g%%_l]vgl} € ef,r’:r-i-([[Y“Xz]’ XlD’ S0
B(g1,92) = ¢p([[92:77 Y], 91]) = A(X*[[Vi, Xa], Xi])
= (A(%X*[[K,Xz],XJ))Z = (A(IOgA \/5(91792)))2- O

Corollary 5.2.9. We haveQ(g) = A(logy VB(g, 9)) for g € [y; 2, 7]G 5,

Proof. Note thaty; € Z%)(y) C T for 0 < i < r. Since the choice of; €
e, 1. (7:) does not matter in (5.2.4), by Lemma A.4, we may, and do, take
YViet f0<i<r,aedCd),T), andg € Uy(E) N G(E)s (s,
then choose
X € Lie(Un)(E) N Lie(G)(E)z,(r—i)/2
such that
9 € & (riy2(r—ip/2) (X)-



38 ADLER AND SPICE

(Such anX exists, by LemmaA.6.) Sindee(U,,) is Abelian and preserved
by ad(Y;), we have thaf[Y;, X], X] = 0, hence that

logy VB(g, 9) = $X*[[V;, X], X| = 0.

If = 0, then[yZ}, g] = 1 € ker ¢. Otherwise, by Lemma 4.1, Remark
4.2, and Hypothesis 2.3, we have

V21 9] € Ua(E) N G(E)s iz € (T, G)(E)a,rs.51) C ker dp.

In either case,

Qg) = du(lv ", 9)) = bu(lr=)s 9) = 1 = Alogy VB(g, 9))-
By Definitions 5.13 and 9.3 of [6], we have shown equality oretacs

semigroup generators foy; z, r]](cj)(E). Sinceg — Q(g)A(log, vVB(g,9)) ™"
is multiplicative by (5.2.1) and Lemma 5.2.8, we have edua&verywhere.
O

Lemma 5.2.10.1f g5 € [[v;x,r]](s) is such thatB(g,g,) = 1 forall g €
[v:2,7]", theng, € [v; 2, 7]& [v<r; 2, r+]®.

As remarked after Corollary 5.2.6, the unexpected appearaify..; z, r+]*
in place of[; x,H—]](S) compensates for the fact thatmight not have a
normal(r+)-approximation.

Proof. By Lemma 5.2.7 (and the fact that, by Proposition 5.40 ofg@}the
terms in a decomposition (5.2.2) of &irational element may be taken to

be F-rational), it suffices to consider the case that cg>(7)x,(r_i)/2 for
some) < i < r. Notice thaflgs, 7™'] = [92,75;] € C(i)( )a,(r+i)/2 - There-
fore, if g € (C5(7), G)a(((r—i)2)+.r—i)/2)» then Lemma 5.32 of [6] gives
that[[g.,77"], g] € (CD(~), @), -+, hence, by Lemma 4.1 and Remark
4.2, that[[y™", ga, 6] (9) := &([lg2, 7). 9]) = 1. Thatiis,[[y~ ,gz] ¢] is

trivial on (Cg) (7), G)z,r+r)- By hypothesis, it is also trivial oﬁ? ( ) s
hence, by Proposition 5. 40 of [6], @h, , . By Lemma B.1,

g2 € (CEY ), C ) aitriy ity € [vi 2, 118 [yers 2, 7],
as desired. O

Via (5.2.1), we may view Lemma 5.2.10 as an “upper bound” esibe
of the level set of@ containing a fixed element. Since Corollary 5.2.6
describes uniform “lower bounds” on the sizes of the levéd o€ Q, we
have quite precise local constancy information.
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Notation 5.2.11.In addition to Notation 3.6, fonn € ®(G,T), let V,,
denote the image of

Lie(G)a(£) N Lie([v; =, 7°]]G(E )
in
Lie([; z, T]]g/(E [v<r; z, T+]]g(E )\ Lie([; =, T]]G(E )

andV, the set ofl',-fixed points inV,. (The symbolsV, andV, had

a different meaning ir§3.) More concretely, we have that, = {0}

if o € (G, T)UDCH(),T)ora ¢ CI(y),T); and, ifa

B(CE (7). TIN(@(G, T)UB(CE (7). T)), thenViy = puias(r—iy/y(atr—i/2-+
wherei = ord(a(y<,) —1) anda+ (r —z')/2 is the affine root with gradient
awhose value at is (r—i) /2. PutY(¢,7) = {a € ®(G,T) | V,, # {0}},

and

Tsymmunram {Oé S T ‘ —ael - «a andna #1on fa}
Tsymmram( {Oé € T ‘ —a el o andna =1o0n foz}
and
TY™(p,~v) = {a € T(¢,7) ‘—agf‘ af.

We will omit ¢ and~ from the notation when convenient. Note that all
of these sets ar€ x {+1}-stable. We denote bgi“symmumam(qﬁ v) and
Tsymmram(gb 7) sets of representatives for theorbits in the appropriate
sets; and byl'sY™(¢, 7v) a set of representatives for tiiex {+1}-orbits

in Ysymm, Fma"y pUthymm(¢7 ) — TsymmunramU Tsymmram’ (Cb 7)
TsymmU £Ysymm, and f (Tsymmram(®, 7)) = ZaeTsymmram Ja-

The proof of the following result is a relatively straightfeard applica-
tion of results from [6] that allow us to combine and manipelgroups of
the form¢ G, ;.

Proposition 5.2.12.
~ 1/2
86,7 =|[r<ri @]t Dreriz 7G|

1/2
X [[hq; z,7+] : [y<ri, r+]]G,Gx,s+}

0 0 —1/2
X ‘(Cé}’+)(7)7 Cé+)(7))x,(r,s):(r,s+)| /

Proof. Since none of the quantities involved change if we reptabg ~_,.,
we do so. Write) = [[7;x,r]](Gs,)[[v;x,r+]](s)\[[7;x,r]](s). For0 < j < s,
we have thatCl > (7), C5 ™ (7))..6.51) IS Naturally isomorphic to
a subgroup ol. It is straightforward to check that is the direct sum of
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these subgroups. Then reasoning as in the proof of Propo&i8 (applied
to each direct summand) shows that

(5.2.5) ve P Voo P Vie=V,

CEGTsymm acYsymm

where, as before, we have writtéh,, = V, & V_, for a € TSY™ Write
B for the pairing on/ induced by (5.2.5) (and the pairifgg, v/B on V).
Notice thatB is f-bilinear. By Lemma 5.2.1Q3 is non-degenerate.

By Corollaries 5.2.6 and 5.2.9,

6 = [[[77 x, T]](Gf/) [[77 xZ, 7’“‘]] : [[77 xZ, T]]S?C(GOJ’_) (7)x,si| Z Q(g)

gey

— [[[y;x,r]]g,)[h;x,rﬂ] : [[y;x,r]]g,)Cg]H(v)m,S} Z A(B(X, X)).

Since B is non-degenerate, we have by Lemma 5.2.2 that (in the patati
of that lemma)

> A(BIX. X))‘ = V1P ev.B)| = v = .

XeV
Thus
181 = [z 1S v, 41 s 2, 718D ()
S S S 1/2
x (s, 1 s 1 s 41
(5.2.6)

S S S 1/2
= [[h;xw]]éf) Iv; z, r+]* - [[v;x,r]]ﬁ;/)Cg”)(v)x,s]

. . 1/2
X [[[v;:m]]( ) [[v;x,r]](cf)Cgm(v)x,s] :

(In the second and third expressions being compared, theédiirss are the
same, except that the latter contains an extra exponén2df By Remarks
6.7(1) and 6.7(4) of [6],

(527) [[7;1'7T]](S)Gx,s = [[’}/,[L',T]]

Upon writing [v; z, +]* and[v; =, 7+]“" as groups of the formG,
using Definition 9.3 ofoc. cit., we see thafy; z, r+]“ = [y;z, r+]“".
Therefore, again by Remarks 6.7(1) and 6.7(4lpof cit., we have that

(5.2.8) [z, 1+ Ga ey = [y 2, r+].
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By Proposition 5.40 and Lemma 5.29 of [6], we have the folluyvequali-
ties:

(5.2.9) iz, 7] N [y 2, rl o Gas = [ 2,715 CEP (1) as
(5.2.10)

[v; 2, 7+ 0 [y 2, 715 CP (Vs = [ 2, 7415 CP ()
(5.2.11)
[[7; x, T_l_]](S) N [[7; x, T+]]G’(Cg)+)(7)a G)x,(s,s-ﬁ-) = [[77 ZL’, T“_]](C?’)C(Go-i_)(’y)x,s )
and
(5.2.12)

(COP ), CE N asir) V132, ) Caer = (COP (1), CEV ()0t

By (5.2.7) and (5.2.9), we have a bijection

[v; 2,715 CEP (1) s\ [y 2, 71]®) — [7; 2, 7] 0 G s\ s 2, 7],
SO
(5.2.13)

[ 7] s [ 2,18 CE VD] = [Iyswrl s i rlo G-
By (5.2.8), since&7, . C [[y;x,rjt]]G,(C((f” (7), G)a,(s,5+), We have that
[ 2+ (CET (), Do\ . 7+]
is naturally in bijection with
([[7; 21+ (CE (1), Gavgosry N [ 2, 7"+]](S)> \[y; @, ],
which, by (5.2.11), is just

s, +1 G CG (s \ Dy 7]
By (5.2.10), this latter set is naturally in bijection with

[v; 2,715 CEY () as\lys 2, 715 [y 2, 7+] ).
Thus,
(5.2.14) [[[v;x,r]]g,)[[v;x,rﬂ](s) : [[v;at,r]]g,)C(GOﬂ(v)m}
= bz, r+l s I, 1416 (CEV (), Glaon |
By (5.2.12), we have an injection

(Cé?r+) (7)7 C((,SH) (7))90,(7“,8):(7’,54-) - [[7; T, T_'_]]G’Gac,s—i-\[h/; Z, T—H]'
By Proposition 5.40 of [6], the cokernel of this injection is

;2,74 (CS P (1), @)ooy \Iys 74,



42 ADLER AND SPICE
SO
(52.15) [[yie,+] : [0, r+] G |
= 1(C&7 (), CE (Marsprsn)
x D41 s T2, 16 (CE (), Ge o0
= 1(CEP M), CEY (M) msyran]
< iz 1@z 1 s i 108 ()]

(where the last equality follows from (5.2.14)). Upon plugg(5.2.13) and
(5.2.15) into (5.2.6), we obtain the desired formulalfbf. O

Proposition 5.2.13.
®(¢, ’7) _ (_1) |Tsymm(¢7“/)| (_®A(f))f(Tsymmram(¢7'Y))
X H [sgnfa (%eaNFa/Fia(wa)dozv(X*)(OéWq) — 1))
€T symmram(,7)

X sgnFia(Gia)] ,
where

& (f) is as in Definition 5.2.1;

do¥(X*) = X*(da¥(1));

w, is any element of",, of valuation (r — ord(a(v<,) — 1))/2,
whose square lies if’.,;

G, is the group generated by the root subgrodpsandU_, of
G; and

sgnp, (Gio)is+1or —1 according asG,, is or is notF,-split,
respectively.

We will show in the proof that an elemeant, as in the statement exists.

Proof. As in the proof of Proposition 5.2.12, we may, and do, replace
by v.,. Recall the notatio3 andV from the proof of Proposition 5.2.12,
and the element¥; chosen before Lemma 5.2.8. By the way we defined
log, VB and the isomorphism in (5.2.5),, is B-orthogonal toV3 unless
—68el-a,and

(52.16) BX,X') = ) n(3X[[¥i X], naX'])
nel'/Ta
for X, X' € V,, with a € Tsymm

wherei = ord(«a(y) — 1). In particular, the sums on the right-hand side of
(5.2.5) areB-orthogonal.
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Put® = &(¢,v). We showed in the proof of Proposition 5.2.12 that
® = &(V, B), in the notation of Lemma 5.2.2; so, by that lemma, we have
that® = sgng(det B)®,(f)¥™ V. By (5.2.5),

(t)

G = H sgn;(det B‘Va)ejA(f)dimf Va, H sgn;(det B‘Via)(%/\(f)dimf Vo
CEGTsymm acYsymm

We will use in our calculations below the fact thég (f)* = sgny(—1).

Fora € T9Y™ the matrix of the restriction of3 to V., with respect
to a suitable basis, is of the forfnj. %) for some matrix\/. Thus the

determinant of this restriction is in the square clasé-of) 4™ V=«/2 so
(5.2.17) sgny(det B, )@ (f)Hm e = 1.
Fix o € Teymmand puti = ord(a(y)—1). Sincea € ®(CIM (7), T), we

have that > 0. As in the proof of Corollary 5.2.9, we may, and do, assume
thatY; € t. As in the proof of Proposition 3.8, we have an isomorphism

to + Vo & fo. PUtX, = (71(1) ande, = X*[[Y;, Xa],70Xa] € fra- BY
(5.2.16),.,, identifies the restriction aB to V,, with the pairing
(tl, tz) — %ea trfa/f(ca . tlﬁa(tg))
onf,. The determinant of this pairing is
(*) (%6a)faNfa/f(Ca)Aa
whereA is the determinant oft, t5) — try, /1(t17a(t2)).

If & € Tsymmunram thenf, = dim;V,, is even (S((%ea)f“ is a square) and
1. is a(dim; V;, /2)th power of a generator Gfal(f, /f), SOsgngay s, /5 (1) =
(—1)ims Vo/2 (Wheresgng, s, /5 iS @s in Lemma 3.1). Further, we have that
N si(ca) = Ni,osi(ca)? € (F)%. By Lemma 3.1,

im; Vo atl imj Vi
sgny(A) = (= sgu(—1)"1/2) T = —gny(—1)tmites
SO (x) gives
(5.2.18) sgn(det B|,, )& (f)"™ > = sgny(A) (&, (f)*) 1 Vo2

— _ sgnf(—l)dimf Va/2 sgnf(—l)dimf Va/2 _ —1.

If a € Tsymmram, then F,,/F, is totally ramified. Since),a(y) =
a(y)™!, we have that = ord(a(y) — 1) € ord(F.X) \ ord(F},). Similarly,
sincen,da’ (X*) = —da¥(X*), we have that-r € ord(F) \ ord(FL,).
Sinceord(F))/ord(F},) = Z/2Z, we have that — i € ord(F},), SO
(r —1)/2 € ord(F)). Letw, be a uniformizer ofF,, that is negated by
N« @and letw, be a power oto,, that has valuatiofr — i) /2. In particular,
'LUi S F:I:a-
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PutH, = da”(1) € Lie(G.,)(F,), so thatda"(X*) = X*(H,). Then
Lie(G4,) is the sum of thex-weight spacelie(G).,, the (—a)-weight
spacd.ie(G)_,, and the Cartan subgrotfpbspanned by{,,. Since[X,,, 7, X, ]
andH,, both belong to thé-dimensionalF,,-spacet®(F,) andH, # 0, we
have that there is a constapte F,, so that{X,, 7, X,] = toH.. SinceH,
and[X,, n.X,] are both negated by,, we have that, € F.,. Then

Co = X[V, Xa, 10 Xa] = X+ (da(Yi)taHy) = tada (X7)da(Y;).

We claim thatord(t,) = r — i. Indeed, sincel,(H,) = 0, we have that
ord(ty) = do([Xa,naXa]) > r —i. Suppose that we hagd(t,) > r — i.
Sinceord(da¥(X*)) > —r andord(da(Y;)) > i, this would mean that,
was the projection t¢x of an element of2, ; that is, thatc, = 0. (Both
inequalities of valuations in the previous sentence areadlgtequalities;
but we do not need this.) Thudg, would be totallyB-isotropic — which,
by orthogonality of the sum in (5.2.5), would be a contraditbf the non-
degeneracy oB.

We claim thatt, Nr, /5, (w.) ' projects to a square iff if and only if
G, IS Fi,-split; i.e., if and only ifLie(G4,) is Fi,-isomorphic tosl,.
Once we have shown this, we will have that

(%) sgny(NVy, si(ca)) = sgny, (¢a)
= sgny, (NFQ/Fjm (wa)dozv(X*)doz(Yi)) sgnp, (Guia)

If the image inf,, of t, Np, /5, (wa) equatlsz?_2 for somed € §X, then,
sincef, = f+, andp # 2, we may find an elemertt € F;, such that
taNF, 7y (Wo) ™1 = 672, Then the uniqué,-linear mapLie(G,) —
sly satisfying

W —1 w;I NaWeo [ —1 _w;I
Xa'_)@(—wa 1)’ NaXa = 20 <wa 1 )’

0 w,!
me (e )
is anF,,-isomorphism of Lie algebras.

Suppose, on the other hand, that Lie(G.,) — sly is an Fl,-
isomorphism of Lie algebras. Then the co-character lattic&®) contains
a simultaneous—1)-eigenvector for every elementgf - Gal( £/ F,,), SO
the Cartarn¥.,-subalgebra(t®) is GLy(F'L,)-conjugate to the Cartah. -

subalgebra’ spanned b)( 0 wa' ) Replace by its composition with the

wo O
indicated conjugation. Note thdty o .~! is a weight for the adjoint action
of t' on sly, hence is of the formtda’, wheredca' is the functional ort’

sending( 0 wgl) to 2. After further conjugating by ° ) if necessary,

Wa
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we may, and do, assume théat o .=! = da’. Then there is a constant
t/, € F, such that

hence
-1

) = maleC) =) ()75

Wa 1

we O

Recall that(H,,) € t'(F,) is a scalar multiple o( 0 @, ) Since
/ (0 w,t
do'(u(Hy)) = da(H,) =2 = da - o I

in fact.(H,) = ( 0 Wc?l). Thus,

wa 0

WtaHa) = t([Xa, NaXa]) = [(Xa), t(naXa)] = Nr,/Fia (2t5,)e(Hay).

Thatis,t, = Np,/r,.(2t,,). Sinceord(t,) = r — 4, we haveord(t,,) =
(r—1)/2. Then

taNF./Fao (Wa) ™ = Npyre, (2t4ws ") = (2tqw, ) (mod (F)or),

i.e.,taNp, /r.. (w,) "' projects to the square @t/ w; .
By Lemma 3.1sgn;(A) = (—1)/»*'. Now (x) and =) give

(5.2.19) sgng(det B } Va)ejA(f)dimf Va

= (=17 (sgng(3ea)®a() "
sy, (N s (1)l (X*) (V) s, (G
= —(=&a(f)
x sgn; (36aNF, /re, (Wo)da" (X*)da(Y;)) sgnp,  (Gza).

We have used thagn, (n) = sgng(n)/ forn € f. (Note that, iff, is even,
thenge, € £ C (%)%, and®, (§)/* = sgn,(—1)//2)
Upon combining {) with (5.2.17)—(5.2.19), and the facts that
o do(Y;) € (a(v;) — 1) + Ei (by Lemma A.5),
e a(v) € a((v<r)>i) + Eiy , and
hd a((7<r)2i) = a(V<r),
we obtain the desired formula. O
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5.3. Aformula for 6, on G'. The following easy technical result on inte-
gration is probably well known, but we could not find a referen

Lemma 5.3.1. Suppose thatl is a locally compact, Hausdorff topological
group, andB andC' are closed subgroups of such that

e B\ A carries a quotient measure;
e the image of” under the projectiomd — B\ A is open; and
e BN C(C'is compact.

Then, for any right Haar measure&: and db, on A and B, respectively,
there is a right Haar measuréc on C such that

mﬂwmfééﬂm%m

for all continuous, compactly supported functighen A.

Proof. The choice ofda anddb fixes a choice of quotient measufé on
B\ A. Since(B N C)\C embeds naturally as an open subseBgf4, da
induces a quotient measuféon (B N C)\C'. Letdb' be the Haar measure
on B N C such thatmeasy, (B N C') = 1. The choice ofi¢ anddl’ fixes a
choice of measuréc onC. Then

(@da = [ [BCYa)f(a)da

:éMLWNWﬂM%M
:Ldmmwéﬂm@m.

Since the support of the outer integral is contained in (thage of)(B N
C)\C, we have by our choice aef¢ that

BC fla)da = /(BmC)\C /B flbe)dbde
:A%maéwéfﬁﬂﬁwﬁ
zééﬂm@m 0

BC

Recall thaty is semisimple and € B,.(v).
Proposition 5.3.2.

90(7) = Z 9/3(97)'

g€l 18 8P Mo\l 1)
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Proof. By the Frobenius formula,
0,(7) = > 05(%7).
gestabG/ (T)Gzys\stabcl (T)Gw$0+
Sincestabg/ (T)Ge s N Gr oy = Gy o G — Which, by Proposition 5.40 of

[6], is (G, G)a,0+,5) — the indexing set for the sum is naturally in bijection
with (G, G) 4 (0+,5) \Gz,0+ - Thus

) ,(7) = /G 6,0 dg,

wheredg is the Haar measure ai, o normalized so thatG’, G), o+ .s)
has measuré.

PutSe = G o, lv;@,r] = {g € Gopor | 55(g) = oo}, and, forig, jo €
R, put

Siojo = {9 € Gaps | i(9) =0, 5 (9) = Jo}-
Note that the sets; ;,, together withS.,, form a partition ofG, o, . By
Remark 5.1.2, they are open. We will show that the portion«pftéken
over eachS, ;, vanishes, so that the integral may be taken instead.syer

Fix i, jo € R, and put

o to =g+ Jo

o« H=Ce'(),

o H' =Cl(y),

e B= (G/’ G)%(O-l-,jo-i-)’ and

o U= {g S (H7 G):v,(0+,to+) ‘ [7_179] S (Hlv H)L(to—i-,to)}'
We claim thatsS;,;, € BC.

This is obvious ifS;,;, = 0, so assume tha; ;, # 0. Fix s € S;;,
sott(s) = to (by Corollary 5.1.4). By Remark 5.1.2 and Corollary 5.1.5,
1o <1 — 279 andty < r — jo. By Lemma 5.1.6, there is

b € (G, G)u0tjor) = B

such thaty~',b;"'s] € (H', H)y (t91.1)- BY Lemma 9.8 of [6],b;'s €
[v; z, 0], where|y; x, to] is as in Definition 9.3 ofoc. cit. Puts; = b;''s.
By Remark 5.1.2i*(s;) = ig, j4(s1) = jo, andt*(s;) = to. Thus
s1 € G;,O—i- [[7; €, T]] (H> G)%(ioJo-ﬁ-)'
By Proposition 5.40 and Remark 6.7(4) of [6],
[[7; Z, T]](Ha G):v,(jo,jo+) = [[7; €, T]](jO)(Ha G)w,(j07jo+);
(Hv G)"Ev(jOJO‘l') = (H,> G):v,(j07jo+) (H,’ H)r,(jo+,jo);
and, since the commutator 6f, o, with (H’,G)m_,(jo,joﬂ C Gy, liesin
Gujor © (H',@)aiojos)» We have thafy; z,7]Y) C G, ., normalizes
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(H', G)a,(ojo+)- Thuswe may write, = k'k_k, with k" € G, o (H', Q)2 (jo,jo+)s

ko € [y;a,r]9, andk € (H', H), o+ By Proposition 5.40 ofoc.
cit., k' € (G', G)4,(0+,jo+) = B. By Remark 6.7(1) ofoc. cit,,

(5:3.2) [y;e, v C s, v — o]
C i, = ol NCG~™ (Maor € b5 @, tot] N Hys
Also, (H', H)z (jot.jo) € Hajo C [7; x, to]. Sinces; € [v; z, to], this means

thatk' € [v; x, %) N (G', Q) 04,0+)- By Lemma5.29 and Proposition 5.40
of loc. cit,

5 2, t] N (G, B)aotor) = 17 T, o) ([7; 2, to] N G ot )-

Write k' = k"K', with & € [v; 2, ]9 andk’. € [v; 2, to) N Gajor - BY
Remark 6.7(1) ofoc. cit., [v; z, to) %" C H,,, SO

LK€ H , NG, = H

z,to z,to

g (H/7 H7 G):B,(to,to—i—,to)'
By Lemma 9.1 ofoc. cit,
[7_1a k;—] S (Hv G)r,(to-l—,to) - (H/a H> G)w,(to,to+,to)'

Since the commutator ofr, o With (H', H,G), t0t0+.40) & Gag, li€S
iN Goror C (H' H,G)u(to0+.10), iN particulark” € G, o normalizes
(H/, H, G):B,(to,to—i—,to)' ThUS

[7_17 k/] € (H,> Hv G)r,(toﬂfo-l—,to)‘

Now, using (5.3.1) and imitating the above argument fhat, k"] €
H!, ,weseethaty ', k_] € Hyu C (H', H)uto+.10)- AlsO, by Lemma

Z,to !

5.32 (or Corollary 5.21, if, = 0) of [6],
[7_17 k] = [VEzloa k] € (H/’ H)%((io-i-jo)-l-,io-i-jo) = (H/> H)Z’,(to-l-,to)'
Thus, sincéi_ € H, o, normalizes H', H), 1)+ t0)»
[7_17 k—k] S (Hlv H)%(to-‘r,to)'

Thuss = be, whereb := bk’ € Bandc :=k_k € C.
Now we claim that



SUPERCUSPIDAL CHARACTERS 49

Once again, this is obvious H,,;, = (), so suppos&;,;, # 0. Note that
(H', H) 4 ((r—to)+.r—to) © B. By Lemma 5.3.1, applied to the function send-

ing g € G't0[S;,;,](9)85(%7), we have that

(5.3.2) / ~v)dg = (cons} / / o) (0€)05(Py)de db

7'OJO

= (cons} / / / [Siojo] (DhC)05 (P dh de db.
B H' H)g ((r—tg)+,r—tg)

Suppose € B, h € (H', H)y,((r—to)+,r—t0),» @ndc € C. By Remark 5.1.2,
[Sigjol (bhe) = [Sigi0](c). We have that

(533) hC,y = [h7 rY] ’ C,y ' “07 7_1]7 h] .
By Lemma 5.32 (or Corollary 5.21, if = 0) of [6],
(5.3.4)

[h> ’7] = [h> ’722'0] € (H/>H):v,(r—to+io)+,r—to+20 = (G G):v (r4,7—jo)"

By the definition of the grou”, we have|c,y!] € G., . Thus, since
h e Gy, We have

(535) [[07 7_1]7 h] € G:v,r .
Combining (5.3.3)—(5.3.5) gives
ey € NG @arr—jo) - " - b[[c,v 1]
g ( ) S(r+r—jo) * bc’y ' [[07 7_1]7 h} Gx,r-l—

forb € B = (G',G)y0+.50+)- The containment on the second line fol-
lows from the fact that, by Corollary 5.18 of [6](+, G) . (r+r—jo) IS NOI-
malized byB = (G, G) (0+.j0)- Now, by Lemma 2.5 and the fact that

(G/ G)x (r+,7—Jo) C ker(b
05("7) = &([[e;v7"1, h])65() = [V o], 8] ()6("),
where[[y~!, ], ¢] is the character af,,_, given byg — ¢ ([[c,7"], ¢])-

In partlcular the inner integral in (5 3.2) isunlessc € C' N S;,,;, and

[, ¢, @] is trivial on (H', H).z ((r—to)1.r—to)-
Fix c € C NS, for which the indicated character is trivial. df €
, then, by two applications of Hypothesis A.1(5)

(el 0l (9) = o([[e,y 1] 9]) = L.
If g € (H,G)a((r—to)+.r—t), then, sincde, v € (H', H), t9+.19)
H,;, , we have by Lemma 5.32 of [6] thalc, v, 9] € (H,G). 4. BY
Lemma 4.1 and Remark 4.2, G), (1. C ker ¢, s0g € ker[[y~", ], ¢].

0J0

G/

z,r—1t0 !
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We have seen thaty ', <b} is trivial on the group generated b¥', H ), ((—to)+,r—t0)»
Gty @NA(H, G) o ((r—t0)+,r—t0)» Which, by Proposmon540 of [6], is aII

of Gyr—t,. By Lemma B. 1, this means th{jrt | € (G Q) 2,0+ t0+)-

Sincec € C, also[y ™, ¢c] € (G', Q)4 to+t0); SO in factjy™ ', ¢] € Gm0+

This contradicts the fact thag = t+(c). Thus the inner integral in (5.3.2)

is always0, sofsioj0 éf,(gy)dg = 0, as desired.

By Remarks 6.7(1) and 6.7(4) of [6k.. s[V; x,r]](s) = [v;z,r]; and, by
Proposition 5.40 dioc. cit., G0y Gas = (G, Q) 04,5): SOG, oy 75 2, 7] =

(G, Q) g 04,9 [V 2, r]*). By Lemma5.3.1, there is a measufeon [; z, 7]
such that

[ ea=[ F(gh)dg d
G;,Oﬁ»ﬂ'ﬁxvrﬂ [[’Y;xvrﬂ(S) ( lvG):Lu,(0+,5)

for all continuous functiong onG,, o . By definition,measq, ((G', G)4,(0+,5)) =
1, so

measg, ([v; z,r]*) = measqy (G, o4 [v; 7, 7])
= [Ghobrie ] (G G)aon
= [l s b, 119 0 (E Gaora]

By Lemma 5.29 of [6][: 2, 7] “'N(G", ) 05.5) = [ 2. 7] CE T ()as
Thus

,(7) = / 7)dg = / / (%")dg dh
G;,o+[h;:v,r}] [rizr]® J(G .G (0+.5)

:/[[ » 05("y)dh = 05(9y). O
Y;L,T

geh,x,rﬂg,)cm“(w) Az r]®

Proposition 5.3.3.
1/
90 (7) = [[[7<7‘; Z, T]] : [[’Y<7"; z, T]]gle,s}

1/2
X [[[7<r;$77"+]] : [[V<r;$aT+]]G/Gm,s+]
X ®(¢7 7<r)5(¢a 7<T’)9Td—1(7)7

where®(¢, v-,) is as in Proposition 5.2.13 and ¢, v, is as in Proposi-
tion 3.8.

Proof. By Lemma 2.5, applied te = o0, and 7;_; (using the fact that
G’ c G, ,+), itsuffices to verify the desired equality when= v,

LBle—



SUPERCUSPIDAL CHARACTERS 51

Then, by Proposition 5.3.2 and Lemma 2.5, we have

0s(7) = > 65(*7)

g€y 15 YD (e, s \brsz ]

= 0;() > o[y g]) = 05(~) 6| &

g€zl 8P (Mo \ Iy 1)

(where® = &(¢, ) and® = (¢, ~) are the quantities calculated§B.2).
If € staber (@) Kd=1 __ say,~ = 9k, with g € stabe(T) andk € K41 —
then Lemma 2.4 and Proposition 3.8 show that

05(7) = 05(k) = 05(k x 1)0r,_, (k) = 05(y x 1)b7,_, (7)
= |(Cé*0’+) (7)7 C((GO-H (7)):{:,(7”,5):(7“,84-) |1/2 €(¢7 W)QTd—l (7)

As in the proof of Lemma 2.5, we see th&tN stabg (T) = K91, Thus,
sinceJ C K, we havet®’e' @7 K Nstabg (T) = P @ (K Nstabe (T)) =
stabe () Kd=1 Sincey € stabe (T), we have that, ify ¢ staPe (@) rd=1
sothatd,,  (v) = 0 —theny ¢ s**b'@7/ K — so that again

ef)(rY) =0= ‘(Cg)’—i_)(fy)u Cg)+)<7>>x,(r,s):(r,s+) |1/2 €(¢7 7)‘971171 (7)
To complete the proof, we note that, by Proposition 5.2.12,

jord 0 0
18] 1(CS7 (), CE ) arsyrsny [
equals

[[h;xﬂ"]] : [[%%T]]G/Gm,s} v [[[v;:c,wr]] : [[y;x,r+]]G,Gm,s+] .

6. INDUCTION TOG

In this section, we compute the character of the representat= 7,
of stabg(Z) induced from the representatida, &,) whose character we
computed ing5. If G'/Z(G) is F-anisotropic, then we also compute the
character of the representatien= 7, of GG induced from(o, K,;). As in
65, unless certain tameness and compactness hypothesegisfieds we
must place mild restrictions on the elements that we conside

Namely, we fix throughout this section an element G, and assume
that~ has a normat-approximation; but, unless otherwise stated, we do
notassume that € G’ orx € B,.(y). By Lemma 8.1 of [6], under suitable
assumptions ok, any bounded-moduldG) element ofG that belongs
to a tameF-torus will do. By [13] or [24],0.(y) = 0 unlessy is bounded
moduloZ(G), and the domain of is already bounded moduls(G); so,
under these assumptions, we need only requiretihattame. (Remember
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that an element or subgroup @fis said to be bounded modul &) if its
orbits inB™4(G, F') are bounded in the sense of metric spaces.)

Lemma 6.1. If M is a LeviF-subgroup ofG andé§ € G**, then
M\{g e G} 96 € M} /Cq(6)°
is finite.
Note thatM above need not be ar-Levi subgroup (i.e., a Levi compo-
nent of a paraboli¢’-subgroup).

Proof. PutH = Cg(6)andC = {g € G| 96 € M }. Since everyNg (M), H°)-
double coset is a finite union of\/, H°)-double cosets, it suffices to show
that N (M)\C/H" is finite.

Let S be a maximal torus iz containingd. Forg € C, we have that
Z(M9)° C S C H°, soM?Y N H° = Cy(Z(M?)°) is a Levi subgroup
(necessarily defined over) of H°. Consider theH-equivariant mapf
from N¢(M)\C to the set of LeviF'-subgroups oH° that sendsVq (M )g
to MY N H°. We claim thatf is finite-to-one. Indeed, fay, € C, fix atorus
T9 that is maximal inM% N H°, hence inG. ThenNg(M)g — MY is an
injection from the fiber off overM?¢ N H° into the set of Levi subgroups
of G containingT, which is finite.

Thus there is a finite-to-one map froiv; (M)\C/H* to the set ofH°-
orbits of Levi F-subgroups oH°. Recall that there are only finitely many
He(F*°P)-orbits of Levi subgroups dH°. Thus it suffices to show that ev-
ery such orbit contains at most finitely maHAy-orbits of Levi F’-subgroups.

Accordingly, fix a Levi subgrouf, € H°. Clearly, it suffices to consider
the case wherk is F-rational. Then the intersection of tih#° ( 7°?)-orbit
of L with the set of LeviF'-subgroups oH" is

{L"| h e H°(F***) andho(h)™" € Ngo(L)(F*®) for o € Gal(F**/F)},

which is naturally inff °-equivariant bijection witli Ny (L)\H°)(F). Thus,
it suffices to show thatL.\H°)(F")/H* is finite. Standard Galois cohomol-
ogy arguments show that this latter set is in bijection with kernel of
the natural map*(Fs°P/F, L(F*P)) — H(F*?/F, H°(F*P)). Un-
der the assumption th@t has characteristi¢ and thatG is F"-split and
F-quasisplit, [22 §§2.2—2.3], describes a bijection &f' (F™/F, L(F"))
with the set of torsion points in a certain finite quotient loé tlattice of
cocharacters of a certain torus (see Corollary 2.318@fcit.). However, it
is observed there that the splithess and quasisplitnesmasiens are un-
necessary (although we need to take the t@rusf §2.3 ofloc. cit. to be
the centralizer of a maximai™»-split torus containing a maximaf-split
torus); and it can be checked that the proof also does noireagar /' = 0.
Thus, H'(F'™ /F, L(F"™)) is finite. SinceH!(F*P/F" L(F*P)) = {0}
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(as observed in [63.2]), we have by [58;1.5.8(a)] thatH ! (FeP / F', L(F*°P)),
hencea fortiori the desired kernel, is also finite. O

For the remainder of this paper, we fix a normadpproximation toy
(hence to all of its conjugates and truncations), so thatis a well de-
fined element. For the remainder of this section, welut Cg (7<)
(Note that Proposition 8.4 of [6] guarantees only tHEt not necessarily
H itself, is determined byy; but, since we have chosen a specific normal
r-approximation, there is no ambiguity.)

We need to prove a result analogous to Lemmata 10.0.5 and61df.0
[22]. First, we prove an analogue of Lemma 7.0.%af cit.

Lemma 6.2. Suppose that is regular semisimple itx. Theny, is regular
semisimple irH.

Proof. By Definition 6.8 and Lemma 6.13 of [6}, € Cg) (v) = H°. Thus,
there is a torus containing bothand~.,, hence alsoy-,. In particular,
7> € H° is semisimple, so it suffices to show th@(v>,)° is contained
in atorus. We have thaéty (7>,) C Ca(v<rv>r) = Ca(7), SOCH(7>,)° C
Ca(7)°. By regularity of-y, we have thatCs()° is a torus. The proof is
complete. O

Lemma 6.3. Suppose thatG’'/Z(G) is F-anisotropic andy is regular
semisimple. ICy is a compact open subgroup &F, then

g | 6.("y)dk
Ka

is compactly supported o/ Z (G).

Proof. By Lemma 6.1 (withM = G’), since K, containsG’, the set of
(K,, H°)-double cosets ity containing an element with 9y, € G’ is
finite. By Corollary 4.5, the support of the function occuogiin the state-
ment is contained in the union of such double cosets. Thussiffices to
show that the restriction of the indicated function to &, H°)-double
coset has compact support.

Fix a double cosek,gH° in G. Sinced, is invariant under conjugation
by the compact-moduld(G) group K, it suffices to show that

h — éa(ghk’y)dk‘
Ky
is compactly supported off°, moduloZ(G). Suppose thak € H° and
k€ Ky C H°. Thend"~ = (9y_,.)(9"*~,). Therefore, by Corollary 4.6,

05 (") = [0+ G (%<0 )05 (*r<r)-[B(H, F))((ghk) ")
X [G:p,r] (ghkrYZT)(5<ghk72r> .
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Since* ., € H°, we have that" ., € G, if and only if "*~-, €
H° NGy, . Thus it suffices to show that

~

() h | [BH F)((ghk)™"z) - [H* 0 Gyry ) ("y20) 07 ("2,) dk
Kr

is compactly supported ofi°, moduloZ(G), whenevery., € G0+’

Since §) does not change if we replageby an element of{, g, we need

only consider the case that.., € G'.

If g='z ¢ B(H, F), then the functions) vanishes. Suppose that'z €
B(H, F) (as well ag’y_, € G'). Then, by Remark 6.10(2) of [6];y-, €
stabg(T). LetXy = (H, ¢u, 7u, v, py ) be a cuspidal datum (see Defi-
nition 2.1) such that

(1) H = (H° C H'), whereH’ = H° N9 'G/ andH! = H°;

(2) ¢u = (w0, 1), Wheredno = ¢9| 0

(3) 7y = (r,r); and

(4) vy = g 2.
(Note thatH", ¢ o andz all depend oy as well as orfi.) As in§2, there
are associated to the datut); a compact-moduld?(H) open subgroup
Ky, of H and a representatigr},  of Ky such thatrs,, = IndﬁzH Ps,,
is an irreducible supercuspidal representatiofloPutK,,,, = Kx, H, o+
andoy = Indg’; rs,,- Now we are in the situation @b (with (G, o) there
replaced by H®, oy)).

By Corollary 4.6, forh € H° andk € Ky, we have

Oy (") = [BH, F)((hk) " ) - [Hapy o] (*720) d110("721)
= [BH, F)[((ghk) ") - [Gar ] (" 720)67 (72,

SinceéaH is a sum of matrix coefficients of the supercuspidal repriasiem
mu, itis a cusp form (or ‘supercusp form’, in the language of, [83]) on
He. In particular, by Lemma 23 of [28] (the proof of which doed$ depend
onchar F' being0) and our Lemma 6.2} is compactly supported oH°,
moduloZ(H°®). Sincev., € G', we have that/(H°) = Z(Cs(v<,)°) C
G’ is compact moduldZ(G), so () is also compactly supported di°,
moduloZ(G). O

The portion of the following result concernirng, is the analogue of
Lemma 10.0.4 of [22].

Theorem 6.4.1f x € B,(v), then
(6.1) 0-(7) = 6a(1) Y 0o (9 15" (€, (9751
g
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If G'/Z(G) is F-anisotropic andy € G is regular semisimple, then

(6.2) 29 I )iyt (e (1)

The sums run over those double cosetsabg (7)G, o4+ \ stabe(T)/ staby (T)
or G'G, 0+ \G/H, respectively, containing an elemensuch that/~., €
G’ andz € B,.(77).

Here, /i AStab]H(:” is the function representing the distributi¢6.4) be-
low, and both it anduy/T are defined with respect to the Haar measure on
9H/Z(G) normalized so thatheas(K, NYH/Z(G)) = 1.

If we used a suitable exponential map in placespfone that, among
other things, was conjugation invariant and defined on alffilkration lat-
ticesg, . for y € B(G, F")), then the sums in (6.1) and (6.2) could be ex-
tended over all double cosets containing an elemenich that~._, € G/,
since Lemma B.4 shows that the extra summands would vanisiever,
it is more convenient for our purposes to restrict the sunthabwe do not
have to assume the existence of a suitable exponential mdscathat we
can apply Proposition 5.3.3 (which is subject to the assiomgtin force
through all of§5, including thaty, € G,,).

Note that the orbital integrals appearing in (6.2) are tateer the F-
rational points of possiblgisconnectedjroups?H. By Lemma B.2, it is
easy to describe them as sums of orbital integrals over thieszted groups
9H® if necessary.

Proof. Recall thatK, = stabg/ (T)G, 0+, SOK, = G'G, o+ if G'/Z(G) is
F-anisotropic.
First, we computé, () (in caser € B,.(v)). By the Frobenius formula,

we have thaﬁT(v) = ¢d(’}/) deKU\stabG(f) éa (97)’ SO

(6.3) 6-(7) = ¢a(y) > > 0,(7)

g€Ks\stabg(T)/staby (T) ¢'€Ko\Kogstabp (T)

= 6a(7) Y > 0,("7)

g h'e(stabg g (T)NK,)\ stabg g (T)

= de Z 9 7<r Z ¢ 7>r

(where the equality on the last line follows from Lemma 2.&d #he fact
that("'9+) ., = 9., for all g andh’ as above). An easy formal calculation,
using Hypothesis A.7(2) and the fact thatas(K, Nstabsy (T)/Z(G)) =
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meas(K, NYH/Z(G)) = 1, shows that

(+) > Ysr) ZA (X*("e; ' ("7=0)

h’e(stabgH(f)ﬂKg)\stabgH(:v)
o AStabgH( ) -1 g
= fix- " e, (")),

stabg g (T)

where/i . is the function representing the distribution

(6.4) f FAL (W) X™)di!
stabg i (T)/Z(G)

on?h*. Now fix a double cosek’, g staby (T ) with g € stabg(T). If there
is no element/ in the double coset such that..,. € G, then, by Corollary
4.4, we have tha&i’g(fWQ) = 0, so the summand correspondinggmn
the last line of (6.3) vanishes. 1fy.,. € G, then, sinc€., € stabg(T),
we havedy., € stabg (Z). In particular,fy., is in the domain ofr, so
0,(9v<,) = 0,(%v-,), and the summands in (6.1) and, by, (the last line
of (6.3) corresponding tg are the same. Note that: € B,.(%y), S0, since
T = ¢z, alsox € B,.(%7).

Next, we comput®,.(v) (in caseG’/Z(G) is F-anisotropic). By Harish-
Chandra’s integral formula, for any compact open subgicugs G,

©5 ot =gTeun [ [ ear
eg(o) G/Z(G

wheredg’ is a Haar measure ai/Z(G), anddc is the Haar measure da
normalized so thaeas(XC) = 1. (In characteristi€), this was proven for
supercuspidal representations — in particular,fer by Harish-Chandra
in [28]. In [51], Rader and Silberger demonstrated an ansadagf this re-
sult for discrete series representations. In [4, Appendj¥Basad provided
a characteristic-free proof of a submersion principle ofigtaChandra.
Since the proof of the integral formula for characters (Tkeo12 of [28,
p. 60]) relies only on the submersion principle and LemmafZ3& p. 59],
and since the proof of the latter does not dependhan F' being0, the cor-
rectness of the integral formula in any characteristicoiol.)

For the remainder of the proof, we will assume tiat/Z (G) is F-
anisotropic. We claim that the inner integral in (6.5) mayréplaced by
an integral ovekCy := K N H°. (This is the analogue of Lemma 10.0.7 of



SUPERCUSPIDAL CHARACTERS 57
[22].) Indeed,

deg(0) . 1o o SN
e Do) 0(0) = /G e /K 6, (7 de dj

_ / / / 6, (95 de dk dgf
G/Z(@Q) /Ky JK

— / / / 0, (9 ) dk dg de
KJG/Z(G) JKy

:/ / 05 ("*y)dk dgf
G/Z(G) JKy

where dk is the Haar measure oy normalized so thatneas(Ky) =
1. (The equalities on the second and fourth lines come frortireudaar
measure manipulations. The interchange of integrals orhiing line is
justified by Lemma 6.3.) Thus,

(6.6) ©(7) =¢a(r) >

geK\G/H

deg(ﬂ)/ / Y gk .
0,(9%y)dk dg'.
deg(0) Jk,gn/zc) Jxcu ™)

Fix a double cosef(,gH in G. Sinceg’ — 90(9"“7) is invariant under
left translation byK,, we have that

(6.7) 0o (") dk dgf

KogH/Z(QG) /CH

_ / / 6, (9 dI! d
Ko (010)/2(6) J9Kn

:/ / / 0 (7793 i’ i 22

Ks(9H)/9H J9H/Z(G) JIKg dh

— meas(K,(H)/?H) / / 0,("*9~)dk di/,
IH/Z(G) J9IK gy

wheredy is the Haar measure afi/Z(G) used to computéeg(r), dh/ is
Haar measure ol /Z(G) normalized as in the statement of the theorem,
dk' is the Haar measure diiCy; normalized so thateas(YKy) = 1, and
dy/dh is the Haar measure afi/H deduced fromiy anddh. If there is

no elementy’ in the double coset such that., € G’ andz € B,(7~),
then, by Corollary 4.5, the summand in (6.6) corresponding \tanishes.
Otherwise, we may, and do, assume that. € G’ andx € B,.(%y). Now,

by Corollary 4.6,

0o (") = 0,("1<r) - [(CH )t (720 ) (020
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for ' € YH andk’ € 9K ; and

deg(o)
deg(m)’
where the last equality follows from the normalizatiapas(K,N H/Z (G)) =
1 and the fact that = Ind% o. Combining these two facts with Lemma

B.4 (with 7 = Z(G)) and (6.7), we see that the summands in (6.2) and
(6.6) corresponding tg are the same. O

meas(K,(YH)/?H) = meas(K,/Z(G)) meas(K,N'H/Z(G)) ™ =

We would like a way of describing the sum in Theorem 6.4 asingn
over a set of conjugates of not over a set of elements conjugatingHow-
ever, really we are interested only in conjugates gf, not ofy. We define

below an equivalence relatiéf’ on the se ((Gi, ..., G%), (ri, ..., 7))
that makes this precise, and then sum over equivalencessl&ssthis re-
lation in Corollary 6.6. Since we will need them later, intface define a

family of equivalence relations.

Definition 6.5. For0 < i < d, let be the equivalence relation an(Gt,...,GY, (ry, ...

such that, for two element$ and &’ of that set,d ~ ¢ if and only if
oL, €% Pai@s_, foralli < j<d.

Corollary 6.6. If x € B,.(v), then

(6.8) (N3 O (Vo )i (€ (4,).

If G'/Z(G) is F-anisotropic andy is regular semisimple, then

(6.9) ()Y 0 (Vo) (&5 (45,)).

Here, 52"+ and !, are defined with respect to the Haar measure on

H’/Z( ) () normalized so thateas(K, N H'/Z(G)) = 1, and the sums are

taken ovef~'-equivalence classes of elemefits *=>c@yNT ((G/, G), (r,74))
(respectivelyy’ € “yNT((G', G), (r,r4)) withx € B.(7)).

The notations ((G/, G), (r,74)) and’~" are as in Definitions 1.4.1 and
6.5, respectively. By abuse of notation, we have writt€nin place of
Ca(v.,, ), even though this group dependsgn

As observed after Theorem 6.4, by Lemma B.2, we may deschibe t
orbital integrals over the possibly disconnected gratipas sums of orbital
integrals overt{’”.

Proof. Let G be a subgroup aff containingstabg (Z)G. 0+ , and puti =
HngGandC={geg| 9% eT((G,G),(r,ry))andz € B.(%7)}.
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First, we claim that the natural mgp : stabe/ (7)\G/H — stabe (T)G1 0+ \G/H
furnishes a bijection oftab (Z)\C/H with the set of stabg (Z) G 0+, H)-
double cosets containing an elementofThe map is clearly surjective, so
it suffices to show that it is injective. Suppose thatg, € C are such that

stab(;/ (E)Gm,0+ng = Stabgf (E)GLO_’_QQH.
Sincestabg (Z) Gy 0+ = Gu o+ staber (T), we have that
Gx70+ng N stabg (f)ggH 7’é 0

—saykgiH = ¢'goH, with k € G, o, andg’ € stabg:(T). Then®91y_, =
992 . € G'. Sincedv., € G’ andz € B,(%'.,), we have by Lemma
9.10 and Corollary 6.14 of [6] that € G’ ,, (""H),0+. In particular,
kg, € stabg (T)g1 H. Since alsdcg; € G, we have

kg, € stabg (T)g1H NG C stabg (T)g1(H NG) = stabg (T)g1/H.

Sinceg’'gs € kgiH, we have thay, belongs to the sam@tabg/ (Z), H)-
double coset ag,, as desired.

Second, notice that the map on stabg (Z)\C/H that sends a double
cosettabg (T)gH to thestabe (7)-orbit of 9y, is a well defined injection.

Third, consider the magy fromS = {+ € 99y NT((G/, G), (r,ra)) | z € B.(7)}
to the set ofstabe (T)-orbits in 9., N G’ that sends an element € S
to thestabg (Z)-orbit of 7.,. By definition, two elements’,7” € 9y N

7(G', G), (r,rqy)) have the same image if and onlyf <" A7 Thus, the

induced map orﬁlrll-equivalence classes & is an injection. It is easy to
see that the images ¢f and f; are the same.

Now we consider the compositigiy ' o f, o f;*. This furnishes a bijec-
tion of the set ofstab¢ (T)G. 04, H)-double cosets containing an element

of C into the set of ~'-equivalence classes &. If ¢ = stabg(T), then

H = staby(T); the specified set of double cosets is the indexing set for
the sum in (6.1); and the set of equivalence classes is theximgl set for

the sum in (6.8). It is easy to check that the summands matof tig-
term, so (6.8) holds. Similarly, we demonstrate (6.9) bytgk/ = G (and
observing thattabe () = G’ whenG'/Z(G) is F-anisotropic). O

We now prove a single-orbit result in the spirit of MurnaghHEirillov
theory (see [4,19,47-50]). When has characteristic zero apds large,
the second statement is a special case of Theorem 5.3.1]of [37

Corollary 6.7. Suppose that there exists a bijectanyeg(QF) Gy0+ —
U,esa.r) Guo+ such that, for ally € B(G, F), the restrlctlone\g ,, has

image inG, o+ and satisfies Hypothesis A.7 (for all tame maxifaori T
withy € B(T, F)).
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Fix v € G suchthaty € G, , for somey € B(G, F). If y € G, (i.e., if
we may take = z), then

6:(7) = da(7)[staba (T) : K] ™ deg(r)ax™ (e} (7).
If G'/Z(G) is F-anisotropic andy is regular semisimple, then

Ox(7) = ¢a(y) deg(m)iik- (€7 (7))-

Here, /iy ) and 4. are defined with respect to the Haar measure on
G/Z(G) normalized so thateas(K,/Z(G)) = 1.

Proof. Note thaty trivially has a normat-approximation, and that., = 1,
soH = G. Sincey = 7>,, we have that € B,(y) ifand only ify € G, .

Puty = e '(y). If “y NG, = 0, then, by Hypothesis A.7(2§}Y N
9., = 0. Therefore, by Lemma B.4$.(Y) = 0. If also G'/Z(G) is
F-anisotropic, then, by Theorem 6.4, we have thdt~) = 0 for g € G,
hence (by the Frobenius formula) that(v) =

Thus we may, and do, assume thate G, ,. In particular, equation
(6.1) holds, and the sum on the right-hand side of that egu&iés a single
summand, so it becomes

6.)  0.(7) = pa(MO (V) DY) = daly) deg(0) i@ (V).

Sincer = Indizibc(x o®¢pq, We have thadleg(7) = [stabs(T) : K,]deg(o),
o)
0:(7) = da(7)lstabo () : K,] ™ deg(r)iy™"* ™ (¥).
The second equality follows similarly from (6.2) and thetthatdeg(7) =
meas(K,/Z(G)) deg(o) = deg(o). O

7. THE FULL CHARACTER FORMULA

Here we unroll the inductive formulas frog§5 and 6, preserving the
hypotheses 0§6. In particular,y is an element oty with a normalr,_;-
approximation, which we fixed for definiteness. Thus, theneletsy.,., are
unambiguously defined fdr < ¢ < d. Choosing such an approximation
also fixes approximations to all truncations and conjugetes

Theorem 7.1.1f z € B,(v), then

(7.1)
ZC ¢a 7<rd " (H & (i, 7<r ¢z>7<r2)>

d—1

~stabi/(T) , _
(H@%J%%>uwﬂ<lmm

=0
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If G'/Z(G) is F-anisotropic andy € G is regular semisimple, then

0,(1) = 641 3 0(d7ory ) ([] @00 )e 0007
(7.2) =0

d—1
< (TTe00)) ex H i (€ (V)
=0

=0
Here,

d—

1/2
1
¢ 7<rd 1 |:[[’y/<rla x, Ti]]gi+1 : [[’y/<7"za x, Ti]]GzG;+sli|
i=0

—_

<.

1/2
3 [CAENES Y ST PR Iciarl

and
~stab i, (T)

[+ and ;& are defined with respect to the Haar measure
on H"'/Z(G) normalized so thatheas(K,, , N H'/Z(G)) = 1,

Oit1

° 'yéi) = (7/<ri+1)2m when0 <i<d -1, and
° VEd—l) - 7/27"1171'

The sums are taken ovér equivalence classes of elemetfits st2Pc(@)~ N
T (G, 7) (respectivelyy’ € ¢y N T (G, 7) such that: € B,, (7).

The notations (G, 7) and~ are as in Definitions 1.4.1 and 6.5, respec-
tively. As in Corollary 6.6, we have writteH"’ in place ofCg:+1(7.,,) for
0<e<d.

Note that, in particular, if3'/Z(G) is F-anisotropic, then the character
of = is supported on conjugacy classes intersecﬂ'r(gi,f‘). A similar
statement holds for the characterrof

Recall that the various roots of unit% were defined and computed in
§5.2.

As observed after Theorem 6.4, by Lemma B.2, we may deschibe t
orbital integrals over possibly disconnected groups irgibave formula as
sums of orbital integrals over connected groups.

Proof. In this proof onlywe writer, for co. This conflicts with the notation
in the rest of the paper, but it makes the equations appebsgtayv (for
example, (7.3)) simpler.

For0 < i < d, we may apply Proposition 5.3.3 and Corollary 6.6, with
(Gi, G in place of(G’, G), to see that, for ali € stabg:+1 () such that
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x € B, (9),
(*:)

o 11/2
TL+1( ) Cbz—i-l( ) Z [[[5<7"i; Z, ri]]GiH : [[6<7"i; L, TZ]]GLG;—:[L]

Ly 1Y2
X [[[5<n;.75 Ti"'_]]GiH : [[5<Ti;x7Ti+]]Gin’:8i+]
x &(i, 0y, )e (i, 0L,
, ~stab i, —_ /
X 97'2(5<r1) ); " ()( :Bl((SZTi))’

the sum taken ovet-equivalence classes of elementse st#Pci+1(@)§ N
T((G*, G"™), (r;,ri11)). (The conditionz € B, (¢') is automatically sat-
isfied here.) Note that the sBt, (¢) and the equivalence relatienare both
constructed in the setting of some ambient group, whichppsessed from
the notation. However, it is easy to see that changing theéearhroup
from G to G**! corresponds simply to restricting the equivalence refatio
~; and, sincec € B(G'*', I'), Lemma 8.2 of [6] shows that we do not need
to worry about what is the ambient group for the constructibB,, (¢).

Puty® = ~. We apply ¢,_,) to describel, () = 6,,(v) in terms of
the values of)., | at truncations of various conjugated) of 4 = 7(<072d?
then ¢,_») to describe each,,  (v) |n terms of the values o,

truncations of various conjugate$’ of 7<,0(H; and so forth to obtain
(7.3)

d—1
0.0 = 0a) 3 (T [ s < 6] )
=0

-

g

~ Cq1/2
< [[[ry<m Ly TZ—H]G’L'H : [[,y(<dm );Lri—i_]]GiG;—j_sli"‘} )

'
Il

-~

x (TT 8605075

=0

g J/

d—2
i d ~stab. /() , _ d—1
301 ERCER) ONCIEHE | PR CalCRa)]

(. J/ S
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the sum taken over the collecti¢hof ol-tuples([v(d—“],-)f:_o1 with ~(@-9 ¢
stabgies (0N 0 T (G, G, (14, 7541)) for 0 < i < d. (Here, [d];
denotes the.- equwalence class of an elemerfor 0 < i < d.)

If 4/ € stabc@~ N T (G, 7), thenS(y') := (Wersy )i ) liesinS. Itis
an easy consequence of the definitions that’yf’OE StabG Iy N T(G,7),
we haveS( ") = S(v") if and only if v/ 2 4. On the other hand, sup-

pose thaty’ = ([y!*~9); )jzol € S. Then, by definition, there are elements
gi € stabgi1(T) such thaty(d—9) = 9i7(<dr_ij:1) for 0 < i < d. One checks

thaty' ;= 9%0-9i-1~ € stabc(@y N T (G, 7), andS(y') = 7'. Thus,S induces

a bijection from the set og-equivalence classesﬁﬁbc(ﬂyﬁ?'(é, ') onto

S, so that we may regard the sum in (7.3) as running over thedosat.
Upon doing so, we notice that the product of terms (I) andb@&comes
(o, Y., ,)- We calculate the remaining terms appearing in (7.3) as fol-
lows.

(I) This matches with the corresponding termin (7.1).

(I11) SINce b, (7Ly,) = Go(Vp )0y (Very) @NAG, (VL) = O (70), this
becomegT;=, ¢z(7’<r2))9p0 (7)-

(IV) When we replace/ (@~ by~~.,..,,the element/édrfii) becomesy., . )>r =
sy evenwhen = d —1 (because we have set= oo in this proof).
Thus, this matches up with the corresponding term in (7.1).

Since (7.3) holds, and can be matched term-by-term with),(Ww#& also
have that (7.1) holds.
The argument carries over essentially unchanged to pra2¢ (iblds.

We sketch the few minor differences. Instead of usirg ), we apply
Proposition 5.3.3 and Corollary 6.6 to obtain

(+%q-1) 12
@7"(7) = (bd(V) Z |:|:|:r>/<rd 17 ‘,'U Td 1]] [I:rY<Td 17 "E Td 1]]Gd lGi Sd,1j|
1/2
|:[h/<rd 1Ly Td— 1+]] [h/<7“d 1Ly Ta— 1+]]Gd 1Gcml Sd— 1+i|

X ®(¢d 17/7<7‘d 1) (¢ /y<7‘d 1)
X Or, (V8 DAET (e (YL ))!

1
the sum taken ovér'- equivalence classes of elementS € “yN7 ((G', G), (r,74))
such thatr € B,, . (vV). We then apply+£;_»), ..., (x) as before to ob-

tain a sum over a collection mﬁtuples([y(d‘i>]i)j;3, but this time we re-

quire only thaty@=) ¢ ¢4 YD 0 T((G, G, (r;,7:11)) andz €
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B,.(v'%=9) for 0 < i < d (that is, we allowy!~" to range over &"*!-, not
just astabgit1(T)-, orbit). The key point here is th&t! = stabgi1(T)
unless = d—1. Again, we use (a natural extension of) the nsap identify
this collection ofd-tuples with the set oﬂ-equivalence classes of elements
v € Sy N T(G,7) with z € B.(y). Finally, we note thap), = . O

APPENDIXA. MOCK-EXPONENTIAL MAP

In this section,G is a reductive algebrai¢’-group (possibly discon-
nected) that splits over a tame extensionfofWe state below two useful
hypotheses (Hypotheses A.1 and A.7) regarding mock-exg@henaps.
Proposition A.8 will show that the first always holds, and skeeond holds
when G is connected. (Note that, with appropriate modificationshie
statement of Hypothesis A.1(6), these hypotheses also sealse for groups
that are not tame. However, they are not always satisfiecufdr groups.)

Hypothesis A.1. There exists a family

(ef,t;u : Lie(G)(E):p,t:u — G(E)z,t:u)E/F finite and tamely ramified
2€B(G,E)
t,u€@>0
t<u<2t

of isomorphisms such that, given

a finite, tamely ramified extensiai/ F',
r € B(G,E),

ti,to, ur € Rogwith £, < uy < 2t4,

X; € Lie(G)(E)yy, forj = 1,2, and
9j € ey, (Xy) forj=1,2,

the following statements hold.

(1) If L is a field intermediate betwedn and F' andz € B(G, L),
then the restriction ofZ, . to Lie(G)(L)y.,., iSel

x,t1:u1 x,t1:ug *

(2) If E/F is Galois, ther?, ., is Gal(E/F)-equivariant.

(3) If uy € Rogandty < ¢, < uy < uy < 2t;, thene?, . (X,) C

x,t1:u
eth:UQ (X2) .

(4) (Ad(gl) - 1)X2 € (ei(t1+t2):(t1+t2)+)_1[glv92]'
(5) [XlaXZ] S (ei(t1+t2);(t1+t2)+)_l[91792]-
(6) If
e T is a tame maximak-torus,
e z € B(T,E),
e f is aGal(F™P/E)-invariant concave function o (G, T),
and B
ot < f(a) <wuyforalla € (G, T),
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thenel, ., restricts to anisomorphism of the imagdiie(G)(E). 4,4,
of ¢ Lle(G)(E)x’f with the image inG(E), ¢,.u, Of TG(E), 5 .
(For convenience, we have regarééd ., also as a function ohie(G)(E).,, -)

We will often suppress a superscript writing e, .., instead ofe!’

T, tu "

RemarkA.2. Note that, with the notation of Hypothesis A.1(4)(h) X
X (mod Lie(G)(E).1+1,)- Analogous statements fort andad are proven
in Proposition 1.4.1 of [1].

RemarkA.3. Given Hypothesis A.1(1), it suffices to verify Hypotheses
A.1(2)-A.1(6) only forE “sufficiently large tame Galois”, in the sense that,
given a finite, tamely ramified field extensia@ty F', there is a finite, tamely
ramified Galois superextensial/F' of E/F for which the hypotheses
hold. Indeed, it is a straightforward application of Hypedis A.1(1) that,

if Hypotheses A.1(2)—-A.1(5) hold for such ad, then they hold forE' as
well.

Now let F, z, t;, andu; be as usual, and |8t and f be as in Hypothesis
A.1(6). Let M/F be a (finite, tame) Galois superextension®fF such
that Hypothesis A.1(6) is satisfied fat, x, t1, u;, T, and f. By further
enlargingM if necessary, we may, and do, assume €Ras M -split.

Let @, be the constant function ob(G, T) with valuew,. By assump-
tion,e?, .. induces anisomorphism @fLie(G)(M), 4, With G (M), t.4, .

x,t1:u1

By Hypothesis A.1(2), the isomorphism Sal(M/F)-, hence certainly
Gal(M/E)-, equivariant; so we obtain an isomorphig,rhie(G)(M)Gal(M/E) —

z,f:u
TG(M)Gal M/E) . By Proposition 5.39 of [6], we hav&! (M /F, tG(M),.4,) =

z,f:uy
{0}, so that the codomain of the isomorphism(s (M )Gal(M/E/ G(M )f%lfM/E).

By Lemma 5.33 ofoc. cit, this is justrG(E), fq, - A S|m|Iar but easier,
calculation shows that the domain of the isomorphisilise(G)(E)., f.4, -
Thus, Hypothesis A.1(6) is satisfied féf, x, t1, u1, T, andf, as desired.

For the next three results, suppose that

E/F is afinite, tamely ramified extension,
T is a tame maximak-torus inG,

r e B(T,E),

t ueﬂi>0witht<u< 2t, and

is as in Hypothesis A.1.

:ctu

Lemma A.4. Suppose that is a reductiveF-subgroup ofG containingT.
Thenel,., restricts to an isomorphism afie(H)(E),, .., With H(E), 4., -

Proof. Apply Hypothesis A.1(6), withf the concave function oﬁ(G, T)
that takes the valueon ®(H, T') andu elsewhere. O
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Lemma A5. If Y € Lie(T)(E); andh € e, (Y) N T(E), thena(h) —
1=da(Y) (mod E,,)fora e ®(G,T).

Proof. Fix a € ®(G,T) and choose a non-zero, positive-depth element
X € Lie(G)(E),. Putt’ = d.(X), and letg be an element of% ., , (X).
Then, by Hypotheses A.1(4) and A.1(5), we have that

(a(h) —1)X = (Ad(h) — 1)X
and
da(Y)X =Y, X]

liein (ei(t+t’):(t+t’)+>_1[h,g], so(a(h)—1)X = da(Y)X (mod Lie(G)(E)g 4¢)+)-
SinceX ¢ Lie(G)(E), v+, we havex(h) — 1 = da(Y) (mod Eiy). O

Lemma A.6. Suppose thaf is E-split anda € 5(G,T). Thene .,

induces an isomorphism @ft(,.+):(a+v) With U(a44):(a+u),» Where, forc €
R, o + ¢ denotes the unique affine root with gradientsatisfying(« +

c)(x) =c.

Proof. Apply Hypothesis A.1(6) withf the concave function oﬁi(G, T)
that takes the valueat o andu elsewhere. O

Hypothesis A.7. There exists a family

(eT,:c COzo+ — G:c70+)Tatame maximaF-torus inG
z€B(T,F)
of bijections such that, given

e atame maximalF'-torusT in G,
r e B(T, F),

e t € Ry, and

L4 X S gx,ts
the following statements hold.

(1) fu € Rogwitht < u < 2t, thener . (X) € ez p.u(X).

(2) Forg € G,we have X € g, ifand only if (et (X)) € Gy,
in which casé€ (et (X)) € e, 144 (9X).

(3) If His areductiveé’-subgroup ofa containingT', thener ,.(h. 0+ ) =
Hyos .

Proposition A.8. Hypothesis A.1 holds. (& is connected, then Hypothesis
A.7 also holds.

In fact, one can imitate the argument of Proposition 1.6.[Apfo show
that Hypothesis A.7 holds even@ is not assumed to be connected; but we
do not need to do so here.
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Proof. The only difference between the hypotheses in questiotxfand
G° is in Hypothesis A.7(2), so it suffices to assume throughbat @ is
connected.

See [1,51.5] for a description of a family of bijections

(@T(E)gc;t,u : Lle(G)(E)x,t:u — G(E):c,t:u) E/F finite and tamely ramified
T atame maximaE-torus inG
z€B(T,E)
t,ueR
t<u<2t

(in fact, of isomorphisms, by Proposition 1.6.2(ajad. cit.). By Corollary
1.6.6 ofloc. cit, givenE, z, t, andu, the mappr(g) ... does not depend
on the choice of tame maximal-torusT such thatr € B(T, F); so we
may write eﬁt:u = ¢1(E)2tw TOr any such choice. These maps are the
Moy—Prasad isomorphism# is easy to extend the definition eft:u to all

t,u € R (notjustt, u € R) satisfyingt < u < 2t.

By construction, the resulting family satisfies Hypothe&dg1)—-A.1(3).
Hypothesis A.1(5) is just Proposition 1.6.2(b) of [1]. Hypesis A.1(4) is
Propositions 1.6.2(b) and 1.6.3 lofc. cit. By Remark A.3, it suffices to
show Hypothesis A.1(6) in cadg is E-split, in which case it follows (as
in the proof of Proposition 1.9.2 of [1]) from Definition 5.8 [6] and the
construction ok”

x,tu "

In[1, §1.5] one also finds a family of bijections

(@T,x CQzo+ — G:c70+)Tatame maximaF-torus inG
zeB(T,F).

For fixed T andz, the bijectiony , is constructed (as ifl.3 ofloc. cit)
from the various bijections, ;... after choosing representatives of the. -
cosets ing,; and theG, ;. -cosets inG,, for t € R. Regardless of the
choice of representatives, the construction ensures hieanbpser , :=
e, satisfy Hypothesis A.7(1); and it is observed in Remark4df.[4]
that they satisfy Hypothesis A.7(2). However, we must makeahoices
with some delicacy to ensure that Hypothesis A.7(3) is Batis

The choices are made as follows. Fix R. Note that, if{ H' | j € J}
is a family of (not necessarily connected) reductivsubgroups ot con-
taining T, thenﬂjej H; is also (not necessarily connected) reductive; and,
by Lemma 5.29 of [6],

N H2Grie = N Gy = (N H)',6) < ((VHL) Gt
: ; . @, (tt+) ;
Jjed jeJ jeJ jeJ

Thus, ifg € G, , then there exists an eleménte ¢G, ;. such thath

H wheneverH is a reductiveF'-subgroup ofG containingT such that

H N gG..r # 0. We choose any such eleméitas the representative
for the cosetyG, .+ . Similarly, we choose, for ever)X < g,,, a coset
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representativé” for X + g, ,. such that” € h wheneverH is a reductive
F-subgroup ofG containingT such that N X + g, # 0.

By Lemma A4, ift € R, X € g,,, andg € G,;, then the sets of
reductiveF-subgroupd of G, containindgT, such thay N X + g, # 0,
and such that? N ¢G.,. # 0, are the same. Thus it follows from the
construction that Hypothesis A.7(3) is satisfiedder, . O

APPENDIX B. AN ORBITAL-INTEGRAL FORMULA

In this section, suppose that
e G is a reductive algebrai¢’-group (possibly disconnected), split
over a tame extension @f, satisfying Hypotheses A.1 and A.7,
o (r,7) € B(G, F) x Ry,
o X" €0, N0y satisfies conditioGE1 of [65, §8],
e ¢is alinear character d@f, .., , and
o poey,r =No X™.
Note that, by Proposition A.8, the requirement tikatsatisfy Hypothesis
A.l is superfluous. PUG' = Cg(X*)°. We choose, arbitrarily, a tame
maximal F-torusT with = € B(T, F'), and writee, = er ., whereer , is
as in Hypothesis A.7. (The resulting map will depend on owiad of T,
but this dependence will not affect our proof.)

Lemma B.1. Suppose that

e de R ywithd < r,

e heG,q,and

e [h, ¢]is trivial on G, .
Thenh € (G G) (d,d+)*

Here, |1, ¢| is the characteg — ¢([h™", g]) of Gy p_q.

Proof. Fix X € g,,—q, and letg be any element of, ,_4).(-—a)4+ (X). By
Hypothesis A.1(4){»~", g] belongs tce, ..+ ((Ad(h) ™! —1)X), so

1= [h,¢l(g) = d([h", q])
= A ((Ad(R) !~ 1)) = A((Ad'(A) ~ DX(X).

SinceX € g,,,—q Was arbitrary, we haveAd"(h) — 1)X* € g ;_,), - BY
Lemma 8.4 of [65] (the proof of which uses only conditiGiE L, not the
full definition of genericity) 2 € (G', G)g (4,4+)- O

Since it is often easier to work with orbital integrals ovemnected
groups than over disconnected ones, we present a basit desatibing
a G-orbital integral as a sum ak°-orbital integrals. Choose an invariant
measurelh on G/Cq(X™*). Fix ¢ € G. Thendh affords a natural choice
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of invariant measure o6’ /9Cq(X*) = G/Cq(9X*). SinceG°/Cgo (9.X*)
embeds naturally as an open subsetg€;(7.X*), it inherits this invariant
measure. For convenience, we will write agdinfor the various measures
occurring in this way. We will take all orbital integrals Witespect to these
measures. Notice that the induced measure on €dch; (Y.X*)G° is just
counting measure.

Lemma B.2. We have thati§. = [Co(X*) : Cao (X*)] ™Y e o A5

The statement may be interpreted as an equality of distoitsit or of
functions. We will prove the equality of distributions; thaf functions
follows immediately.

Proof. For f € C2°(g), we have that

AS(f) = / F°x*)dh
G/Cq(X*)

— / FRX*)dh
geG/CG(X G°/Ceo (X*)

— [Ca(X7) : Coe(X)] S / FEnX)dh,
geG/Go G°/Cgo(X*)
Forfixedg € G, the innerintegralis jusf.. . . x-) F9X*)dh = pS5- (f).
The result follows. U
RemarkB.3. Our result as stated does not actually require fhasatisfy

conditionGEL1 of [65, §8], only that the relevant orbital integrals converge.
In particular, the result holds for any semisimp{é.

Compare the next result to Lemma 6.3.5 of [4].

Lemma B.4. Suppose that
e G'/Z(G’) is F-anisotropic,
e 7 is a cocompact subgroup af(G°) that is normal inG,
e [Cis a compact open subgroupGf, and
Y €Uyna, F) gy, IS regular semisimple.

IfY € g., andy =e,(Y), then

/ / o) () (%) dk dg,
G/z

wheredg is a Haar measure od:/Z and dk is the Haar measure oft,
normalized so thateas £ = 1. If “Y N g, = 0, then

fix+(Y) = 0.
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WhenY € g, ., the notation of the lemma is meant to convey that the
integrand equals(9*v) if 9"y € G, ., and equal® otherwise.

Proof. SinceG,, = G ., and since, foy € G, replacingX™ by 9 X* has

the effect of changing to ¢?, we see by Lemma B.2 that it suffices to prove
this result in casé- is connected.

The mapg +— min {d,("19"2Y) | k; € G, 04, ks, € K} on G is locally
constant. Fot € R U {oo}, denote byG(¢) the preimage of under this

map, and put
= / / AX*(9*Y))dk dg
G(t)/Z JK

I'(t) = /G » / 80, (FY YA X (FY )k dg.

We show that/ (t) = I'(t) fort € RU {oo}.

Fix t € RU{oo}. If t > r, then the desired equality is obvious, so we
may suppose that < r. Denote byt = ¢, < t; < --- < t,, the distinct
values ofd, in [t,r). Given a compact open subgroi{ of G such that
K'G(t) = G(t) for all ¥ € K’ (for example, an open subgroup Gf, o),

we have
- K] / / / X*(MRY N dk dk dg
Gw)/z JK

_ / / / (KRR Y\ dk di dg
G(t /Z helc//\’c/

/ / / X (MY dk dk dg

t)/2 JK!
/ / / X*(MRY Nk dk dg,
G(t))Z /

whereX"” = K' N G, —y+ anddk’ is the Haar measure dd@, normalized
so thatmeas(K') = 1. An easy generalization allows us to handle several
subgroupsCy, . .., K/ as above, so we obtain

= / / / / A(XF (" hodv YY) dhg - - - dhy, dE dg,
GW/2 IS Gort Gty

where, forj = 0,...,m, dh; is the Haar measure af,,;, normalized
so thatmeas(G,,—;,) = 1. Now fix g € G(t) andk € K, and put

Y = 9%Y. Then either{gx,r](f/) = 1, or there is0O < j < m such that

and
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d.(Y) = t; (in particular,Y” ¢ g,,,.). In the latter case, fi%; € G,
for 0 < i < m. By Remark A.2, we have th&ty — Y € g and (since
hj—1--hy € Gopey;, © Ga—t,)4) also that'i-1 “hoy Y € Ot s

hence thaf.’lj(hffl"'hﬂ7 Y) € g.... Thus, by another application of
Remark A.2,

hm---hoi} . hm---hjﬂ}‘}
= hhyn (hy (hymihoy Yy 4y Y
ey —Y + g, .
That is,
A (P 0)) = AL (VDA (MY —T),
so the inner integrals ink§) are a constant multiple of
(%) / AX*("Y —Y))dh;.
Gz r—t

Y

Now, for h;, b’ € G, _;, we have by Remark A.2 th&ty —Y € gz, SO

Js ]
hjh;.i} o Y _ hy (hji} o }7) + (hji} N }7)
S (hj? - }7> + (hj? - }7) + oot -

Thatis, g5 : hj — A(X*(™Y —Y)) is @ homomorphism of¥,, . ; SO
(x+x) equals) unlesspy is trivial there.

Suppose that it is trivial. Choosec e, , t+( ). By Hypothesis A.1(4),
[h,7] € exparr ((Ad(hy) — )Y)’ SO

571 01(hy) = ¢([hy, A1)~ = AX*((Ad(hy) — )Y) ' =1,
for hj € Gy, . Thatis,[y —1,¢] is trivial on G, 4, ; SO, by Lemma B.1,
€ (G, G)ayt {i4)- Then Hypothesis A.1(6) gives (0, 8)a(t;.t,+)- ON

the other handy € gr € g+ . Therefore, by Corollary 3.7.8 of [2], we
have thaty’ € 9,4 + Gut,+ - SinceG'/Z(G') is F-anisotropic, we have

thathjJr = g;iﬁ C Got;4+,S0IN facty € 8z,t,+ » @ contradiction.
We have shown that

/ / AR dhg - - -l
Gw,r'ftm Gw,r'fto
_ (cons) / A (Y = V))dhy = 0
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whenevel” ¢ 9. ThusI(t) = I'(t). By a theorem of Huntsinger (see [4,
Appendix A]), fix-(Y) = 37 cpiooy 1(1); SO fx=(Y) = 3 icriqoer I'(D)-
In particular, if’Y N g, = 0, thenjix-(Y) = 0.

Now suppose that” € g, .. By Hypothesis A.7(2)¢*y € G, if and
only if %Y € g, , in which cas¢*~ belongs tce, ... (Y. Recall that
QAS o€,y =ANoX*0Ng, . Thus

[, J0e

"Y)p (%) dk dg
/ / 0 ) (Y )A (X (RY )k
_ZI = fix-(Y). O

teR
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