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ABSTRACT
We investigate nonparametric regression techniques to estimate the distrdjut

the LDypoe , 0 < < 1, the lethal dose where 1806 of subjects show a response. Kernel
methods are used to estimate the resulting response probability curvesasisuggdr
simulated data. We apply and extend these kernel-based estimation procedures to a
problem in evolutionary genetics where the prevalence of a genetis tragipped. In
this setting, distance serves as a dose and the response probability calied & cline.
We investigate the distributional properties of kernel estimates ghkDwith special
attention to the LB, LDgo, and the distance between them, called the cline width.
Confidence intervals are constructed for.b,@.Dgo, and the cline width and small

sample properties are investigated through series expansion and simulati
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CHAPTER 1
INTRODUCTION

The motivation of this dissertation stems from a research problem in evolutionary
genetics in describing the geographic patterns of genetic diversity iciasgeor
example, Jaarola et al. (1997) mapped the geographic prevalence of aaréio g
markers of voles. The prevalence of the genetic marker in a population is modeled by a
monotonic sigmoidal-shaped cumpé&) dependent on a distancérom a fixed point.
This represents the probability of a response and in the biological literature suo/e
is called a cline. It is in essence a dose response curve with dose correspordiog her
distance. Biological assays are commonly used to study the dose respongext the
effects of a chemical. The analysis often results in a similar sighrshdped dose-
response curvp(x) for a dose levet, showing that the toxic effects increase with
increasing levels of the doses. The observed reagtadrtheith subjecti(=1, ...,n) at
dose levek is assumed to follow a Bernoulli (i(x;)) distribution, so thay; = 1
represents the presence of a responsg;an@ represents the absence of the response. Of
interest is the estimate pfx) and functionals gb(x), LD1oon , for 0 <a <1, the lethal
dosage (LD) level at which 1@0% of the population dies. Of primary interest to
biomedical researchers is the estimation of theoLID the area of carcinogenic risk

assessment, values @fless than 0.5 are also of interest.
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The structure of a cline as a dose response curve in evolutionary biology yields
information about gene flow and speciation mechanisms. Evolutionary biologists are
interested in the extent of similarity of clines estimated by diffegenetic markers
(Brumfield et al., 2001). Of concern are measures of the location and width ofe cli
The location of the cline is defined as thesk,here the distance that corresponds to a
50% prevalence of the marker studied. The cline width is the distance betwe&yghe L
and the LIy, here the distances that correspond to a 20% and 80% marker prevalence.
These measures provide valuable information to biologists regarding ém efkéa zone
where two species might hybridize, yielding crucial data for gendtereintiation.

Dose-response curves can be modeled parametrically and nonparametrically.
Common parametric approaches, shown in detail below, include the probit models (Bliss
1934; Finney, 1978) and logistic regression (Berkson, 1944). Various nonparametric
methods for estimating the LB, of the dose-response curve are also briefly reviewed
below. These include the Spearman-Karber estimator and the trimmed Sp&antoan
estimator (Hamilton, 1979; James, James, and Westenberger, 1984), robusbrsstimat
such as thé, M, andR-estimators (Miller and Halpern, 1980; James, James, and
Westenberger, 1984) and smoothing splines (Brumfield et al., 2001). We will conclude
the review with kernel estimators and methods (Muller and Schmitt, 1988; Hart, 1997)
that we will examine in much more detail in the following chapters.

The probit model assumes tipéx) is a normal cumulative distribution function.

The probit curvep, is p,(X) = CD(HJ where® is the normal cumulative distribution
o
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function, x is the location, and is the slope parameter. The probit has the following
properties:

logLD,, = # and

, 1
P, (logLDy,) = \/2—— -
o

Maximum likelihood estimatorg: and ¢ can be computed from the following likelihood

function:
L(u.0) =TT Pux)” - pu )

Dose response curves have been traditionally modeled also using logistic

regression. In this approach the frequep(ey at distance, is modeled as:

ea+ﬁ’x

1+e*

p(X) =
wherea and g are parameters to be estimated. The maximum likelihood estimates

and /3’ are obtained by maximizing the log-likelihood

l(a,p) = i{yi log[ p(x)]+ (1 ;) log[L— p(x)]}. (1.1)

To fit the logistic regression model, the frequencies are transformed to the form

P | _
Iog(l_ p(x)] =a+ pX.

p(x)
1-p(x)

The transformed frequencid}sg( j are called the logits qi(x). These logit

values can be fit by maximum likelihood using an iterative weighted lineagssggn on

distanced (McCullagh and Nelder, 1989).
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Nonparametric methods designed for estimating thg l@re first proposed by
Spearmen (1908) and Thompson (1947). Traditional nonparametric techniques for
estimating only LI3y include the Spearman-Karber estimator and the trimmed Spearman-
Karber estimator (Hamilton, 1979; James, James, and Westenberger, 1984). When the
mean of the population tolerance distribution exists, the Spearman-Karbetestsithe

mean of the empirical tolerance distribution defined by the following:
O = | xdF (),
where F(x) is the empirical response curve. If the observed proportion of responses to

first dosex, is p, = 0 and the response proportion of the last d@sis p, = 1, then the

Spearman-Kaber estimator can be written as
~ k
Osk = Z(pm =P (X +%)/2
i=1

The 10x%-trimmed Spearman-Karber estimator is defined by trimmingx200rom
each tail of the empirical tolerance distribution and taking the mean ofppefaiately

normalized) remaining central part of the distribution:

Fl(-a) ~
j x dF ()

é _ IE’la
SK100a% ~— !

1- 2

0 < a <0.5. The 50%-trimmed Spearman-Karber estimator is the median, which is the
limit of the 100x%-trimmed Spearman-Karber estimatoraas—»> 0.5. These
nonparametric Speaman estimators require the strong assumption of pointrsyofimet

p(x). That is,p(log LDsp - X) = 1 — p(log LDsp + X).



Other nonparametric methods for estimatingdiDclude robust estimators.
Different classes of robust estimators areltjlel, andR-estimatorsL-estimators are
linear combinations of order statistics. Miller and Halpern (1980) definaddM-
estimators of the LE for quantal bioassay to be explicit or implicit functionals of the
empirical tolerance distribution, the functionals being the same as thosedappie
empirical distribution function in thied case. Thé.-estimator for quantal bioassay is

defined by:

~ k+1
O, =%+ szi‘](pi)(pi - pi—l)l
i=—k

where Ax is the equal dose spacing, is the middosep , ,=p,, = Oandp,,; =p..,

=1 by definition. The functiod(u) is defined on the interval [0,1] and is symmetric
about %2 Withjol\] (Wdu=1.

M-estimators are maximum likelihood type estimators. Mkestimator,d,, for

guantal bioassay (Miller and Halpern, 1980) is defined to be the root of the equation:

k+1

ZT(Xi -0)(p — P) =0, (1.2)

i=—k
where p_, , =p.,, = 0andp,,; = p.,; = 1 by definition. The¥ -function is a
generalization of the functionf-(x)/ f (x , Which gives the maximum likelihood
estimator for a location paramet@r Iterative algorithms are necessary to find the root of

(1.2). If the W -function is non-monotone, problems can arise with the uniqueness of the

root of (1.2) and the convergence of the iterative procedure.



R-estimators are estimators derived from rank tests. James, James, and
Westenberger (1984) defin€destimators for the LE in quantal bioassay. Létbe a

nondecreasing integrable function defined on (0, 1), sucl(thd = -J(t) andJ is not

identically equal to zero. THe-estimatord based od is the solution of the equation

Iw J(F(x)+1—2F(29—x)JdE(X):O'

—0

Muller and Schmitt (1988) compared the probit maximum likekkhestimator
and kernel estimators in quantal bioassay for effectivesdd3go, wherea = .01, .05,
.10, and .50. For the kernel method, they presented$wmptotically consistent
approaches for constructing confidence intervals foestienated Lkyo, . FOr
constructing confidence intervals for kg)Kelly (2001) presented three methods —
Fieller's method, profile likelihood, and the bootstrap. Indineulation, none of the three
methods were found to be completely satisfactory for pnogidonfidence intervals for
LDso unless very large sample sizes are taken.

The most recent work on genetic cline estimation is that of Beldret al. (2001)
using smoothing splines. Smoothing splines are flexible cuwitbssarious degrees of
smoothness specified by a smoothing parameter. Thesesane developed with an
overall view of minimizing a penalized likelihood function. In tafgproach a log-
likelihood similar to that given by Equation (1.1) in the logistgression discussion is
penalized with a measure of roughness of the resulting éttect. The functiomp is

chosen that minimizes the negative penalized log-likelihood function

> 1(p(e) + 2 [[ B(a] dd
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Here the standard likelihood is penalized for lack of smasthnThe integral measures
the “roughness” of the chosen functi@nA rough function has a rapidly changing slope.
The overall rate of change of the slopg@ain be measured by the integration of the
square of its second derivative. The paranfeisrcalled the smoothing parameter which
can also be indexed by an equivalent degrees of fre€luese equivalent degrees of
freedom indicate the number of parameters needed tdyspdanction of the desired
roughness or smoothness. Specifying values for eithvargse how much smoothness or
roughness is permitted in the resulting funcpoAs A—w larger penalties for roughness
are imposed, the degrees of freedom approach 2 indi¢atihgvo parameters (a slope
and an intercept) are needed. The resufiitigat minimizes the negative penalized log-
likelihood becomes smoother, with its logit approaching a straigh AsA—0, and
little penalty is imposed for roughness, the degrees aldreegrow, the minimizing
can be rougher, eventually interpolating the data points. Valiiebetween these
extremes produce smooth curves that can closely modeattegns in the data.

In the approach of Brumfield et al. (2001) the preseheestrong monotonic
pattern of many genetic markers and the belief that a smuarbtonic function best
describes the cline, often results in an assumption of moisdjoof the fitted cline.
Algorithmically, as the equivalent degrees of freedom ateasd from a large value
down to the value of 2, the resulting smoothing spline fit@u being a non-
monotonic interpolating function to a monotonic logistic fit (specibgd slope and
intercept). The approach of Brumfield et al. (2001% waexamine the largest degrees of

freedom that results in a monotonic fitting function.
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Smoothing splines estimate the underlying genetic cline in ahvaaygllows for
an explicit consideration of the overall goodness of fit otctime to the data. As flexible
as this approach can be, its solution must come from puwtational minimization
procedure. An explicit formula is generally not available nééestimation methods
provide for this explicit estimation approach. These methstiimate the cline at a given
point by a weighted average of “local” observations (GeeehSilverman, 1994). We
will introduce these kernel methods as developed by MiilleSahditt (1988) and Hart
(1997). Estimates of the response function and asymptatitbdigonal properties for the
functionals LDy, LDgo, and the cline width will be presented.

Chapter 2 of this dissertation provides the theoretical baakgrof kernel
estimation. Based on the distributional properties of the kestielaor, we developed
the distributional properties of Ly LDgo, and the cline width. Chapter 3 presents seven
methods for computing the confidence intervals for theédderstimates. The first two
methods are adapted from Miiller and Schmitt (1988). MutidrSchmitt assumed that
the bias could be neglected when computing confidenceagetn the third method, we
extended the results of Muller and Schmitt by correcting thédmnce intervals for bias.
The next four methods are based on the distributional grepeeveloped in Chapter 2.

To examine the distributional results and to evaluate the paafare of the
kernel estimator for LR, LDgo, and the cline width, we performed a simulation study.
Through generating replicate samples from the probit d&t@xamined the
distributional properties of the kernel estimates. For variouplgssizes, distributions of
distance, and kernels, we applied each of the seven dsgtinesented in Chapter 3 to

compute the corresponding 95% confidence intervals faegtimates. The performance
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review was based on the average length of the confidetgreals, the midpoint of the
intervals, and the coverage probabilities. Results of the simndagi@ shown in Chapter
4.

We applied the kernel approach to estimatgol.DDgo, and the cline width for
the field vole genetic data of Jaarola (1997). The restittse estimates and their
corresponding 95% confidence intervals are presentetlapt€r 5. We conclude our

findings in the last chapter, where we discuss topicautaré research.



CHAPTER 2
KERNEL ESTIMATION
The underlying assumption for our model is that the obddragy; of theith
individual ( = 1,...,n) at distance; follows a Bernoulli distribution with probabilify(x;)

given by

{P(yi =1) = p(x)
P(y, =0)=1-p(x).
Distances’s are assumed to have deng(). The Bernoulli trails are assumed to be
independent for different individuals. The functipis the dose-response curve. Our goal
is to estimate the distribution of Lpand LDy, where 20% and 80% of the individuals
possess a given trait. We are also interested in estimatidgsthibution of the distance
between L, and LDy called the cline width. We use a nonparametric kernel méthod
the estimation.

Kernel estimation is a nonparametric smoothing technique eKestimators

smooth out the contribution of each observed data pointeolal neighborhood of that

data point. We consider the Gasser and Muller kernel estiatar study, defined as

. 13 S X-u
p(X)=EiZ:l: in K(Tj du (2.1)

Si-1
whereh is called the bandwidth that controls the smoothnesp(®f; K is a function

S X+ X

2

called the kernel;%J' K(X;huj du is the weight function; and, = ,0s =

Si-1
10
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s, = 1. The distances are assumed to be uniformly distributed, that is,

x =(-1)/60-2),i=1,..n
The following conditions of the kernkl are required:
e K has support (-1, 1);

e K s continuous;
1

. j_lK(u)du:l;
1

o J:luK(u) du=0.

These conditions are necessary to have desirabstency properties for the mean,
variance, and bias. Epanechnikov (1969) found @aimapkernel by minimizing the

mean squared error of the Gasser and Mlller kestehator subject to the constraints
thatK has finite support and zero first moment. Thisropt kernel K(u) = g(l— u2)

for -1 < u < 1 and 0 otherwise is known as the Epanechnikaveter

Distributional Properties of Kernel Estimator

To simplify the presentation of formulas, we define
Jy :J'lez(u)du and o :J:lluzK(u)du.

The expected value of the Gasser and Muller kesstghator (Gasser and Muller 1979;

Hart 1997) can be represented as

E(B() =+ | p(u)K(X;h”j du+o[ij ,

n

where
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L) L35 [ X=Y Y o) -
O(ﬁj‘hgfm'(( - j[p(xi) p(u)] du

are terms of order &/ The variance of the kernel estimator (GasseMdilter 1979;

Hart 1997) can be represented as

Var(p(x))— - f(l)J +O(ij+o( Zlhzj (2.2)

In Var(p(x)),

n 1 f(x-h2)

1 K2 X=X | 1 (X=X
o) 7 a- S”{f( ) ( h J o5 ﬂ

x andx, e[s,,s],i=1K ,n.

1 2l 1 ) 1 1,
o(—)z%{j - K (z)dz—m [ K (z)dz} and

From this representation we can see that for tharvwee to tend to O, we neado tend to
. Also, a smalleh means that we have fewer design points to be gedrand
therefore results in a larger variance. Equatio)(&xdicates that evenlifis small, the
variance will tend to O whemh tends too. The design densitiyx) also plays a role in the
size of the variance; the variance will be smalewlthe density of the design points is
large. The bias of the Gasser-Miller estimator §8aand Muller 1979; Hart 1997) can

be represented as

2

E(P,(¥) - p(x) = h? p'(X)ox +0o(h*)+0O(n™) (2.3)
with

o) =237 K[ X px) - prldu.
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For the bias to be zero, it is necessanhftw tend to 0. For? positive, the kernel
estimator tends to underestimgiéx) when p"(X) is negative (peaked &t Conversely,
the kernel estimators overestimatgs) when p*(X) is positive. The bias is largest at
the sharpest peak or valley. The fact that the div@s not depend on the design density,
f(x) makes the Gasser-Miiller kernel estimator morealopy than other types of Kernel
estimators such as the Nadaraya-Watson estimatolafidya, 1964 and Watson, 1964).

From Equations (2.2) and (2.3), we have
2
G—JK +O(1j+0(%j and
f(X) n n-h
1/25/2

n
2

Var((nh)™* p(x)) =

E((nh)"* (P, (¥)) - p(x)) = p'(¥)og +0o(h*)+0(n™).

As stated in Miller and Schmitt (1988),nf> — r°asn -« for somer > 0 then

(n1)? (P PX)—2> N(zp"(x)“—i, PIE POO) s J (2.9
2 f(x)

Distributional Properties of L3,

Based on the known distributional properties ofKleenel estimator, we follow
Mdller and Schmitt (1988) and Hart (1997) and detive distributional properties of
LD10o¢ - From the distribution op(x) in (2.4), we defin&, , which from standard

results asymptotically follows a standard normatrdution:

_ PO-EIRMI o\ 0.
arl p, ()] ’

n,h
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Define

5 ELB.(I]- P09
" N,

and we have the following the quantity

B0 PO

— n +Bn’ )
afp, 0]

The numerator irB, ,, is the bias of the kernel estimator as given indfign (2.3). The

square of the denominator By, is computed as

Var(p, (x)) = ozi(% [ : K(X;h“J duJ . (2.5)

By minimizing the mean squared error of the keastimator (Hart, Corollary 3.1), we
obtain the optimal local bandwidth choit®,as follows. The mean squared error of the
kernel estimator (Hart) is

M(x;h) = M (x;h) + R(n,h),

and
R(n, h) =o(h*)+O(n™*) + O(nh) 2.
The first term inM(x; h) is the variance as shown in Equation (2.2); tlterse term is

the squared bias as shown in Equation (2.3). Wiheetreases, the variance increases but
the squared bias decreases. To balance the cdianilmi the variance and the squared

bias to the mean squared ertocan be chosen to minimia&(x;h). To find the optimal
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local bandwidth, we minimize the dominant tektr(x;h) by differentiatingM (x;h) with
respect tdy, setting the derivative to zero, and solvingHowWe obtain

d - . _ o’ 50 2 4 _
%M(x,h)_ —nf(x)Jk+h (p'(X)°o, =0.

Solving forh leads to the following optimal local bandwidth:

h*=( o 4J s, (2.6)
f()[p"(X)] ok

2
Asymptotically, 0 - a¢(1-a) asn — « . The optimal bandwidth is proportional ¢ ,

the more variation in the data, the larger therogtibandwidth. The optimal bandwidth
is inversely proportional to the fifth root of tdesign density, the curvature, and the
sample size. When the design is dense, the optiamawidth is small. Whep(x) has a
lot of curvature, the second derivativep@k) changes very rapidly; we need to average
the data in a smaller neighborhood, resultingsmall optimal bandwidth. When the

sample size is large, the optimal bandwidth istiredly small.

1/5
Let C:( f(a)([l_"?))‘]]g 4J . Takingh=Cn™"'® and using Equations (2.3) and (2.8),,
X[ p"' (X))o

becomes
_ CnPofp'(x)+0(C*n?°)+O(n ™)

ZG@ {[: K= x- U)/c]du}zjuz |

2.7)

n,h

We will estimate the quantity, , for constructing the confidence interval.

1

Ignoring the terms 00(
n

j and smallerB, nis asymptotic to
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Cn ol p'()

Ben =

” Za[i {I K [n1’5 (x—u) /C] du}zjﬂ2

o1 S

and

P, (%) _A p(x) B.,—2 N (0,1). (2.8)
ar[ p(x)] '

Let 6, =LD,yq, . Applying Taylor's Theorem to the first order, Wwave
p@,)= PO, + P'6,)0, -96,),

50 - p(@,) - ﬁ(ea). 2.9)

o p'(6,)

We will show that- p(e‘i)l_ P _, _ p(@a)l— P) I other words, we will show
@) SCH)

B(9,) > p(6,) and p'(6, )> P'(6,).
First, Maller and Schmitt (1988) show tlfz(t@a) — p(6,). They state the following in

AssumptionA(j): letK? be Lipschitz continuous on the real line and

lim logn/nb®** = 0. From Theorem 3 (Miiller and Schmitt), assume that[5 1- 5]

Nn—oo

and that AssumptioA(j) holds forj = 0, 1, thenéa — 6, as. af - wx.

If 9, > 6, a.s. a® — », then from (2.9)4, -0, - 0and p(d,) — P(b,).
Further, by the Weak Law of Large Numbefg¢, — )p(¢,). Thus, f)(éa) - p(8,).
Next, p'(6, )— p'(6,) follows from Theorem 2 (Miller and Schmitt).

Thus,
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6o - p(6,) - p(o,) L, _P@.)-p@.)
p'(6,) p'(4,)

_E[p8,) - p(6,)]
p'(4,)

E@,-6,)= and (2.10)

var p@,) - p(6,)]

Var, ~0,) ==

(2.11)

Using the results from Equation (2.8), we have

£ 0 ) BerVATPO] 212

p'(@,)

and

Var[p(d,)]

var@. -0 )= ,
=)= e

(2.13)

where

Varl p(,)] = p(0,)[1- p(0,)]-> i(j ) K(Q“‘”jduj . (19

h? (/s

Thus, ignoring terms of orderri/

P N(_ B .\ Varp(e,)] Var p(e, )]]. 2.15)

o PE) P’

Distributional Properties of Cline Width

Applying the results from Muller and Schmitt, werige new results for the
distribution of the cline width. As defined in theginning of this Chapter, cline width is

the distance between the locations that resul@% and 80% prevalence, computed as
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the difference between Lpand LDy From the results of Equation (2.15), the
distribution of the cline width is

(é.a - éz) - (0.8 - 9,2)

N Be.Varl p(o,)] _ BeayVar p(d,)] ’Var[ |6(9_22)] L Var |6(9_82)] _2Covd,.6,) |
p'(0,) P'(0s) [p'(0,)] [p'(0)]

(2.16)

The computation o€ov(d,,8,) is shown in the next section.

Covariance of, and 4,

The variance of the cline width is computed as
Var(é,) +Var(d,) — 2Co\ 6,,6,).
The covariance of, andé, is derived as follows.
Coud,,0,) =E((0,-0,)(0,-6,)). Applying the Mean Value Theorem, there exists a
mean valueZ betvveené2 andé, such that
P(0.) = P(0,) + (0, - 0,)P'(¢)

é.z ~0, = p(6,) - p(6,) 2.17)

IP'(&)-P(E)I=1 D) - P+ P (&) -P(E)I.
By the Triangle Inequality,
| P'(£) - p'(02) <] P'(&) - P () [+ P'(E) - P'(62)]
Ssgpl P& - BN+ P(E) - p'(E)]-

As stated in Theorem 2 (Miiller and Schmitt),jfer1, & €[0,1- 5], for somes > 0,
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sup |p'(&)-p'(&)l> 0 a.s asn— .

£e[5,1-6]
As shown in the earlier sectiod, »6, a.s. a® — «, and since§_2 <&<4,,
£—>0, asn »>» as.
By the continuity of p',

|p'(&)-p'(@,)]> 0 a.s.asn— oo,
Thus,

1P (&)-p'(@,) |~ 0 as.asn— . (2.18)

From (2.17),

p(,) - p(0,)

- =6,-0,.
(9] c

As shown earlier in the above sectigg,) — p(d,) a.s. as — .

By Slutsky Theorem and from (2.18),

_Wﬁéz —0,. (2.19)

—>é -0,.
P'(0;) e e

Similarly for LD80, —

Thus, to the first order,

. . ~ p(d,)—p(6,) ) P(Os)— P(Os)
C ,05) =E((0,-0,)(05-05)) =E|| - . B
ONd,,8,) = E(0,-0,)(0,-0,)) K ) I o ﬂ

_ Cou(p(8,). P(ds))
p'0,)p'(0s)

(2.20)

The CoV(p(@,), p(@,)) term can be expressed as follows.
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Cou(P(6,). B(F,)) = E(P(F,), B(05)) — E(P(0,)) E(D(05)).

where

E(P(0.), PO = 5 E{i N DN du}

i=1

h*E(P(0,), B(0s)) =

DR e T T N e TN (e
i=1 ) J

n 5 s le—u S H.S_U
=E{§(p<xi)a—p<m)+p(x))LIK( . deLK( h M

+ ZE[ZZ p(X) (X )J.:,l K(é’gh—uj o|uJ':i1 K(H,gh—uj du} :

iz] g

Thus, CoM(p(8,), p(6; ) =

1 [a X 0,—-u O —U
FELZ(pOﬁ)(l—|0(>9))+|o(>§))I:1K[ . jd“fle( h jd“}

+ 25[22 p(x)P(x)f K(Gzh_uj auf,, K(egh_uj d”}

i#]

113 s 6,—u 1] ¢ 5 0, —U
- = X K| —2 du| = x| K| =2 du . 2.21
h{;p(.)jh ( - j }h[;p( D, ( - ] } (2.21)
With the computation oCou p(6,), p(6; )rbove, the covariance of L{and LDy, can

be computed as

CovV 6(92)1 6(0.8))
HCATICA N

Cou0,,05) =
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This is a workable computational form and simulatias shown that this
covariance behaves much like the variance of agp.L®Imilar to the variance, the
covariance is proportional to the bandwidth anckreely proportional to the sample size,
the design density, and the curvatur@@). As we will see in the simulation chapter,

this covariance term is generally quite small.



CHAPTER 3
CONFIDENCE INTERVALS
In this chapter we develop several approachesristaect confidence intervals
for LD»o, LDgp, and the cline width. We evaluate seven methodsdmputing
confidence intervals. The first two methods wemenfalated by Muller and Schmitt
(1988). In constructing the confidence intervalgillst and Schmitt ignored the bias. We
extend Muller and Schmitt’s results by correctihgit confidence intervals for bias and
investigating their behavior for small samples.sTiias-corrected confidence interval is
presented in Method 3. The fourth through severdgthods are based on the

distributional results (Hart 1997) shown in Chaj&er

Method 1: Milller and Schmitt

From Theorem 4 (Muller and Schmitt), Equation (3, Hid Equation (2.11), the

distribution of 9, satisfies

' (0,)ox all-a)dy
2p'@,)  p©,)"

(nh)*(0, -6,)—> \N[

whereJ, = jlez(u)du, andz has the following propertiesnh® — r?asn — « for

somer.

Muller and Schmitt assumed that the bias can beréghand computed the

22
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all-a)d
nhp'(6,)*

confidence intervals foéa based on the distributioN[@a, } . Using

Theorems 2 and 3 and Expressions (3.5) and (A.L)i¢Mand Schmitt), they showed

that a consistent estimator of the variance is

(5]

~

v, =a(1—a)zn: 56 )’

A 100(1-p )% confidence interval fod,, is
0, 2,4V, .
2

In the variancev,, the first derivativep' (éa) was estimated for the kernel

1—2(1— 2x% +x*).

It follows that a 100(18 )% confidence interval for the cline width is

(é.s - éz) * Zé \/V.z +Vg— ZCOV(é.z ’ é.a) .
2

Method 2: Muller and Schmitt
(Difference Quotient)

Instead of evaluatingb'(éa) in v, Muller and Schmitt approximated the

derivative by an one-sided difference quotient.imie§

&, z(a(la)i(%jle(x—huj duJ ] |
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Muller and Schmitt obtained difference quotients tlee right and left sides of, as
A, =¢,00,.. -6,) andA, =¢,/(0, -0, . ), respectively. The resulting variances are

r:(é

atg,

v -6,)? andy, = (9, -,_, )*. An asymmetric confidence interval féy, is

constructed as

0,-2,0,-6,.).0,+2,0,.. -0,)).

2 2

Similarly, a lower bound of the asymmetric confidernterval for the cline width is

(05 —0,)~Z,[(0,~0,...)? +(05—0,..,)* —2CoUD,.0,)
2

and an upper bound of the asymmetric confiden@sval for the cline width is

(05 —0,)+ 2,0z, —0,)% + (B, —05) —2C0UD,,6)
2

Method 3: Muller and Schmitt (Bias-Corrected)

Muller and Schmitt assumed that the bias coulddggetted. Our simulation
study in Chapter 4 has shown that the bias of). [Dgo, and the cline width cannot be
ignored, so we extended the Miller and Schmittifidence intervals by adjusting for

bias. Using the results from Theorem 4 (Muller &otimitt), we obtained

_'(0,)ok

E((nh)"*(8, -6,)) = TR (3.1)

To have a more specific understanding of how bifests the confidence

interval, we assume thptis the probit curve with the following distributidorm for

p(d):
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p(d) = cp(d;ﬂj ,
O

where @ is the normal cumulative distribution function,is the location, and is the
slope parameter. The first and second derivativggd) are

_E(MJZ
e? /) and

1
' d —

1 *E(dwjz d—pu
" (d) = e /|- , respectively.
@) [ &= jj pecively

As stated in Method Inh® — r%asn — « for somer . At LD, the probit curve is
concave up with positives" (d) ; the bias is positive and we are overestimati{g,) . To
correct the positive bias shown in Equation (3z1has to be negative. Similarly, at
LDgo, the probit curve is concave down with negatpydd) ; the bias is negative and we
are underestimating(€, .)ro correct this negative bias, has to be negative as well.

Equation (3.1) can then be expressed as

E((nh)llz(éa _0(1)) — _n1/2h5/2 i(_ (0_;”)) )

2 o’

It follows that

2 __2 2 2
E@) =014 7 x| Tkl
20 20

AS n— o,

2__2 2 __2
6,-6, 1+thK +hGK2’u
20 20

all-a)d,
nhp(,)?

° 5N (0]).



Consequently, the bias-corrected 10{)% confidence interval fof, is

p hz 2 la@-a)d,
2 ~<B 2 _2
h?c? h*oy

2 1+
202 202

1+

and the bias-corrected 100(1)% confidence interval for the cline width is

) \/a(l—a)JK +05(1—05)\]K

6, -6, nhp(6,)2  nhp(6,)? A
th 2 +Z, 2 72 2 —\J2Coub,,0,) .
K

1+ 2 1+
20'2 20°

Method 4: HartB,)

Based on the distributional results #®r shown in Equation (2.15),

b _o ~ ( Be.vVar p(d,)] Var[p(H )]J

v PE) P’

a 100(1 )% confidence interval fo#, is

- BCM/\_/ar[ p@,)] Var[ p(o, )]
% p'(6,) V [p'©,)]

Cn~"o% P ()

26@ {C K[nl/S("—U)/c]du}zjm |

where B , =

A 100(1-8 )% confidence interval for the cline width is

26
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P'(s) p'(f,)

{ 6, + BenVatl ﬁ(e.g)]J_( 6, + BenVal @(@)]J

Var p(4,)] . Var p(6,)]

+ — 2Cové,,6,
§\/ T T e

Method 5: HartB,, )

In place ofB. , in the confidence interval presented in Method:d used,
shown in Equation (2.7),
_Cn g p () +0(C*n ) +O(n™?)

ZG@ {[: Kl x-wyrc] du}ZJUZ |

n,h

The resulting confidence interval féy, is

5 L B VaTBe,) |, (Varlb@, )]
L+ ; * Zﬂ T n 2
p'(8,) 2\ [P,

and the confidence interval for the cline width is

5 o BunValpO)l | (5 B VAl p(o,)]
g+ - 02 +
: p'(6;) p'(6,)

Lz, \/V&r[ P(0.)] , Var p(@s)]

—2Cové,,0,).
PO )y oMl

Method 6: Hart (Simulated)

The formula for computing confidence intervalshie same as in Method 5. The
only difference is the approach for computing thargityB, ». In Method 6, we

computedB, , as
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_ELR.(]- PO
ar p, ()]

n,h

where

o 1

Var(p,(x)) = o m

J +O(%j, Je = j}le(u)du, P, (X) is estimated from kernel
simulations, and the trup(x) is the probit curve.

Method 7: Hart (Asymptotic)

The formula for computing confidence intervalshie same as in Method 5 and
Bnis defined the same manner as Method 6. The afirehce is the approach for
computing the quantiti, », asymptotically. In computinB, n, E[ p,(x)] andVar(p,(x))

are computed as
N 13 S X—u
E[ p,(X)] = E; p(X; )LH K[TJ du and

of 1

Var( fjh (X)) = nh f(X) K



CHAPTER 4
SIMULATION

We performed a simulation study to verify the dimttional results of LDy,

LDgo, and the cline width shown in Chapter 2. The satiah study also facilitates the
evaluation of confidence intervals for kd)LDgo, and the cline width. We applied each
of the seven methods presented in Chapter 3 to wigntipe corresponding 95%
confidence intervals for the estimates.

In our simulation study, we assumed that the tigtildution of the location
response curve follows the probit distribution wirameters mean; = 0.5 and
standard deviationy; = 0.1. For the probit curve, the values for.b[.Dgo, and the cline
width are 0.4158, 0.5842, and 0.1684, respectividlis chapter first presents the
distributional results of Lk, LDgo, and the cline width for the probit curve, folloivey

the evaluation of confidence intervals for theraates.

Distributional Results of LR, LDgg, and the
Cline Width for the Probit

Mimicking a real data example that we present la&hapter 5, we created a
probit data set witin = 156 observations. The distances are equallyespaesulting in a
design densitfy(x) = 1. We examined the distribution of kdDLDgo, and the cline width

for the probit. The probit curve is shown in Figdre

29
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1.0

0.8

0.6

0.4
!

0.2

0.0
!

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 1. Probit Curve.

For the probit curve shown in Figure 1, 43 0.4158 and L) = 0.5842. For

estimating p(x) , we determined the value of the bandwidth baseith@ffollowing

all-a)d,
FOQLP" (]*oyn

1/5
formula for finding the optimal local bandwidth::( J , Which leads

to a bandwidth of 0.123 for this sample size 156. The relationship between the
bandwidth and the sample size is shown in Figur&t& bandwidth decreases as the
sample size increases.

In Equation (2.8), we found that the asymptoticdrihsition of p(x) is

P, (X) = p(x)

_ ~B.,—2->N(0,).
arf p(x)] '

To examine the above distribution, we used theprobit to generate 1,000 replicate

samples. For computira(x), we used the optimal bandwidth of 0.123. ¥erLDyo, the
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mean and variance n(X) = P B., are -0.158 and 0.964, respectively. ker

vvar(p(x))

LDgo, the mean OM— B. , is 0.148 and the variance is 0.945. We evaluated

vvar(p(x))

0.30
1

0.25
1

0.20
1

15

0 50 100 150 200

Figure 2. Bandwidth and Sample Size

normality using Filliben’s test which computes aretation coefficient of a QQ plot

(Filliben, 1975). The hypothesis th 09— P(Y) B. . is normally distributed fox =

yVvar(p(x))
LD2o, LDgp is rejected (Filliben’s correlation is 0.9880 fdd,, and 0.9912 for Lk, the
approximate 5% cutoff is 0.9982 for a sample size,@00; since 0.9880 and 0.9912 are

less than 5% cutoff, we reject normality). Duehte small sample size of 156, the means

Pn (9 - P(¥) _
ar(p(x))

of B. ,for LD2oand LDy deviate from zero. When we increased the
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sample size to 600, the means—M— B., for LDxoand LDy are closer to zero
Var(p(x))

(-0.0694 for LD and 0.0962 for Liy). To develop a simulation of the L{and LDy,

we first begin withp(LD,, andp(LDyg, ).

Distribution of p(LD,, ) and LDy, for the Probit

The distribution of p(LD,, Jor the 1,000 replicates samples are shown in the
histogram in Figure 3. The mean of simulafgd.D,, is §.233 and the variance of
simulated p(LD,, )is 0.00489 for the 1,000 replicate samples. Tfereace point of 0.2
is the true probit value at LJ@ p(LD,,) tends to overestimate the probit atkBue to

positive bias whep(x) is concave up at Lf3. The curve in Figure 3 is the density of the
normal distribution with estimated mean 0.236 asttheated variance 0.005003; the

mean and the variance are estimated from EqueRidin (

0.0 0.1 0.2 0.3 0.4 0.5

P(LD2p)

Figure 3. Distribution op(LD,, )
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The distribution of the estimated variancefl.D,, using Equation (2.14) for

the 1,000 replicate samples is shown in Figure d cdmpared the distribution of the
estimated variance with the variance 0.00503 (shaswme vertical line in Figure 4),
estimated using Equation (2.14). The estimatedaxads lie predominantly to the right of

0.00503.

200
1

T T T T
0.002 0.004 0.006 0.008

Variance of p(LDy,g)

Figure 4. Variance of(LD,, .)

Next, we examined the distribution é;;. From the results presented in Equation

(2.15), theory tells us that the distributionégf IS given by

~ Bg,\Varlp(9,)] Varlp(, )1}

p'6,) " [p'(8,)1

@—@~N[

where p'(6, )is computed as the first difference of the simadap(6, ) andVar[ p(4, )]

is computed using Equation (2.14). The distribub?tbré_2 is normally distributed
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(Filliben's correlation 0.9994 far= 1,000, the approximate 5% cutoff is 0.9982; sinc

0.9994 > 5% cutoff, we cannot reject normalityshewn in the histogram in Figure 5.
For our example the estimated mean and varianéc_; @fre 0.4033 and 0.0006383,

respectively. The density curve of the normal dstron with mean 0.4033 and variance

0.0006383 is shown in Figure 5. The vertical lihewss the true value o, (0.4158) for

the probit curve.

15

10
!

0.30 0.35 0.40 0.45 0.50

LDz

Figure 5. Distribution oi§_2.

For the 1,000 replicate samples, the mean of shslmmé2 is 0.4038 and the

variance of simulated, is 0.000716. We estimated the mean and the variahg,

from Equations (2.12) and (2.13) for the 1,000iceppé samples. The distribution of the
estimated mean and the estimated variance are shdwgure 6 and Figure 7,

respectively. The estimated means are mostly biged to the left of 0.4033 (shown as
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the vertical line in Figure 6) and the estimatedareces are mostly distributed to the

right of 0.000638 (shown as the vertical line igle 7).

100 150 200 250

50

1000 1500 2000 2500

500

T T T T T
0.400 0.402 0.404 0.406 0.408

Mean of LDy

Figure 6. Estimated Mean &, .

0.410

0.0002 0.0004 0.0006 0.0008

Variance of LDy

Figure 7. Estimated Variance 6f .

0.0010
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Distribution of p(LDg, ) and LDy, for the Probit

The distribution of p(LD,, jor the 1,000 replicates samples are shown in the
histogram in Figure 8. The mean of simulafgd.Dy,) is 0.766 and the variance of
simulated p(LDg,) is 0.00492 for the 1,000 replicate samples. Tfexeace point of 0.8
is the true probit value at lg@ p(LDg,) tends to underestimate the probit atsh.D

Figure 8 also shows the densityp§t D,,), estimated from the normal distribution with

mean 0.764 and variance 0.005 using Equation (2.4).

0.5 0.6 0.7 0.8 0.9 1.0

p(LDgo)

Figure 8. Distribution op(LD,,) .

The distribution of the estimated variance pfLDg, using Equation (2.14) for

the 1,000 replicate samples is shown in Figure 8.ddmpared the distribution of the

estimated variance with the variance 0.00503 (shaghe vertical line in Figure 9),
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estimated using Equation (2.14). The estimatedads lie predominantly to the right of

0.00503.

300
1

200
1

100
1

0.002 0.004 0.006 0.008

Variance of p(LDgg)

Figure 9. Variance gb(LD,,).

Next, we examined the distribution ég. As shown in the histogram in Figure

10, the distribution o), from the simulation is normally distributed (Filéin's
correlation is 0.9992 fan = 1,000, the approximate 5% cutoff is 0.9982; si0®©992 >
5% cutoff, we cannot reject normality). The simathmean 0@_8 is 0.5970 and the

simulated variance is 0.0008157. For our examm@esttimated mean and variance@gf

are 0.5967 and 0.0006383 respectively. The deoti@g from a normal distribution

with estimated mean 0.5967 and estimated varia@6383 is shown in Figure 10.

The vertical line shows the true value®f (0.5842) for the probit curve.
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15

10

0.50 0.55 0.60 0.65 0.70

LDgo

Figure 10. Distribution 01'§_8.

100 150 200 250
| | | |

50
|

0.590 0.592 0.594 0.596 0.598 0.600

Mean of LDgq
Figure 11. Estimated Mean @f,.

We also calculated the mean and variancé_sofor the 1,000 replicate samples

using Equations (2.12) and (2.13). The distribubbithe estimated mean and the
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estimated variance are shown in Figure 11 and Eig8r respectively. The estimated
means are mostly distributed to the right of 0.5@$0wn as the vertical line in Figure
11) and the estimated variances are mostly digaibto the right of 0.000638 (shown as

the vertical line in Figure 12).

1000 1500 2000 2500
| | | |

500
|

T T T T T
0.0002 0.0004 0.0006 0.0008 0.0010

Variance of LDgg

Figure 12. Estimated Variance 6f .

Distribution of Cline Width for the Probit

The distribution of the cline widttd, — 6,) for the 1,000 replicates samples fails

a test of normality (Filliben's correlation is 03@Bforn = 1,000, the approximate 5%
cutoff is 0.9982; since 0.9936 < 5% cutoff, we cep@ormality) as shown in the
histogram in Figure 13. The simulated mean of tme avidth for the 1,000 replicate
samples is 0.1933 and the simulated variance &184%5. For our example the estimated
mean and variance of the cline width are 0.19350a001277, respectively, estimated

from Equation (2.16) without the covariance ternthie calculation of variance. The
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density of the cline width from a normal distrimutiwith estimated mean 0.1935 and
estimated variance 0.001277 is shown in Figurél'hd.vertical line shows the true value
of the cline width (0.1684) for the probit curveotB the estimated and the simulated

cline width tend to overestimate the cline widtrloé probit.

0.10 0.15 0.20 0.25 0.30 0.35

Cline width
Figure 13. Distribution of the Cline Width.

We also calculated the mean and variance of the glidth for the 1,000
replicate samples using Equation (2.16). The thstion of the estimated mean is shown
in Figure 14. The estimated means are mostly Hig&d to the right of 0.1935 (shown as
the vertical line in Figure 14).

We calculated the covariance &f and &, for the probit data using Equation
(2.20). For our example, the estimated covariaa@d002965. We calculated the
variance of the cline width with and without thevaoance term. With the covariance,

the estimated variance is 0.000593 less than wiithou
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Figure 14. Estimated Mean (§, —4.,).

The distributions of the estimated variance ofdlree width with and without the
covariance term are shown in Figure 15 and FigGreelspectively. We compared the
estimated variances with 0.0006837 (variance wottadance term) and 0.001277
(variance without covariance term), shown as thiéoas lines in the Figures. Both
estimated variances (with and without the covaeaecm) lie predominantly to the right
of the reference lines.

In Figure 13, we displayed the distribution of #maulated cline width and
observed that the simulated cline width overeseahalie true cline width. Using the
results shown in Chapter 3, we corrected the eliiggh for bias and computed the

estimated cline width as

(é . BonsVarl @(0.8)]}_(5 . BonaVarlpe,)1 |

p'(0s) p'(0,)
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Figure 15. Estimated Variance (ﬁ_a — ) with Covariance Term.
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Figure 16. Estimated Variance ¢, — 6,) without Covariance Term.
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In the above formula, thg.  for LD2ois 0.4977, and for Lk the B , is
-0.4977. The sign of th&.  agrees with our findings of the simulated x@nd LDyo. As

seen in Figures 5 and 10, the simulateddiihderestimated the true kf)whereas the
simulated L3, overestimated the true Igp The distribution of the estimated cline width
with bias correction is shown in Figure 17, witmaan of 0.1671 and a variance of
0.00122. The vertical line in Figure 17 is the toliee width. Comparing the simulated
cline width in Figure 13 and the estimated clindtWwiin Figure 17, the bias-corrected

estimated cline width is a better approximatioth®true cline width.

0.10 0.15 0.20 0.25 0.30

Estimated cline width

Figure 17. Estimated Cline Width: Adjusting Simel&iCline Width for Bias

Kernel Estimates and Confidence Intervals for
LD,g, LDgo, and the Cline Width

As shown in Equation (2.2), the variance of thenkéestimator depends on the

distribution of the design points. Consequentig, design points also impact the optimal
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local bandwidth (Equation (2.6)) and the confideimtervals. To assess the impact of
different designs on confidence intervals, we getkequal percentile distances from the
uniform distribution and the normal distribution.

We examined the behavior of the kernel estimatmrsdrious sample sizes (50,
100, 200, 400, and 800). The kernels that we uséuki simulations are optimal or near
optimal kernels as referenced by Hart (1997) antléviand Schmitt (1988). These
unimodal kernels are listed as follows and are shiowFigure 18. The kern&l21 is
flatter and less peaked in the center.

K21: g(l—uzj, for-1<u<1i

K22: i—?(l—Zu2 +u?),for-1<u<1

K23: 2—2(1—3u2+3u4—u6),f0r -1<u<l

1.0

0.8

kernel
0.6

0.4

0.2

0.0

-1.0 -0.5 0.0 0.5 1.0

Figure 18. Kernel&21, K22, and K23
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For a given sample size, a given kernel, and angilesign, we conducted 4,000
simulations. The optimal bandwidths that we comgdiée the simulation study using
Equation (2.6) are shown in Table 1. For the saemepte size and design, the bandwidth
for K23 is larger tharkK21 andK22. The bandwidths for the normal design are smaller

than the uniform design within the same sample amkekernel.

Table 1. Optimal Bandwidths by Sample Size, Desagal, Kernel

Uniform Normal
Sample 5y K22 K23 K21 K22 K23

Slze

50 01539  0.1824  0.2071 01381  0.1636  0.1858
100 01340  0.1588  0.1803 01182 01401  0.1591
200 01167  0.1382  0.1569 01015  0.1203  0.1366
400 01016  0.1203  0.1366 00874  0.1036  0.1176
800 00884  0.1047  0.1189 00754 00893  0.1014

We evaluated the 95% confidence intervals ford, DDgo, and the cline width
based on the mean interval length, the coveradmapiiity of the estimates, and the
midpoint of the interval. In our study, we haveridithat the quality of the kernel
estimator does not depend much on the shape &kthel. The kernelk21, K22, and
K23 produce similar confidence intervals. The findipgssented in the following

sections pertain to kernkR1, but the results can be generalized to kerdgBandK23.
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Estimation of LBy andLDgg
We present the LE and LDyoestimation results for uniform distances first,

followed by the results for normal distances.

Uniform Spacing of Distances

Tables 2 through 5 show the mean interval lengh coverage probability of
LD2o, the interval midpoint, and the variance ofkDsing kerneK21 when the
distances are uniformly spaced. The attributeoofidence intervals for LE shown in
Tables 2 through 5 using kern€21 with uniform distances are presented graphically i

Figure 19.

Table 2. LDy Mean Interval Length (Kerné&21, Uniform Distances)

Sample size

Method 50 100 200 400 800
M&S 0.1577 0.1190 0.0900 0.0681 0.0516
M & S, Difference Quotient (DQ) 0.2025 0.1425 0.%03 0.0756  0.0559
M & S, bias corrected 0.2049 0.1444 0.1040 0.0759.05@D
Hart, Bnhsimulated 0.1564 0.1185 0.0898 0.0681 0.0516
Hart, Bnhasymptotic 0.1564 0.1185 0.0898 0.0681 0.0516
Hart,Bnh 0.1564 0.1185 0.0898 0.0681 0.0516
Hart, Bcn 0.1564 0.1185 0.0898 0.0681 0.0516

The mean interval length, coverage probabilityenwal midpoint, and variance

for LDgp are shown in Figure 20. These characteristicoofidence intervals for LE
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are very similar to those for LIQ The discussions below apply to the results fah bo

LDygand LDy, unless stated otherwise.

Table 3. LDo: Coverage Probability (Kern&?21, Uniform Distances)

Sample size

Method 50 100 200 400 800
M&S 0.9108 0.8990 0.9043 0.9123 0.9098
M & S, Difference Quotient (DQ) 0.9348 0.9185 0.921 0.9240 0.9178
M & S, bias corrected 0.9295 0.9220 0.9298 0.9350.934B
Hart, Bnh simulated 0.9368 0.9238 0.9303 0.9353 0.9340
Hart, Bnhasymptotic 0.9368 0.9235 0.9300 0.9350 0.9335
Hart, Bnh 0.9293 0.9210 0.9278 0.9350 0.9315
Hart, Bcn 0.9298 0.9218 0.9298 0.9350 0.9343

For a given sample size, the mean interval lenfgithall Hart methods are

identical. The mean interval length for the M &lfag-corrected) method is slightly

shorter than the Hart methods. When the samplassi@0, the mean interval length for

the M & S (bias-corrected) method is 0.1 and fer iHartBcnthe length is 0.12. When

the sample size is 800, all methods including iaeddl M & S are about 0.05.

Coverage probability is the percentage of replocetiin which the calculated

95% confidence intervals include the true LD vaNwen the locations are uniformly

spaced, the coverage probabilities are about 983%dd methods and the M & S (bias-

corrected) method, and slightly lower for the béhb&& S methods.
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Table 4. LDo: Interval Midpoint (KerneK21, Uniform Distances)

Sample size
Method 50 100 200 400 800
M&S 0.3991 0.4020 0.4050 0.4077 0.4094
M & S, Differene Quotient (DQ) 0.3803 0.3928 0.40000.4051 0.4078
M & S, bias corrected 0.4185 0.4170 0.4164 0.4164.41%D
Hart, Bnhsimulated 0.4156 0.4155 0.4152 0.4156 0.4158
Hart, Bnhasymptotic 0.4159 0.4152 0.4154 0.4157 0.4155
Hart, Bnh 0.4101 0.4111 0.4124 0.4137 0.4141
Hart, Bcn 0.4189 0.4171 0.4164 0.4164 0.4159
Table 5. LDg: Variance (KerneK21, Uniform Distances)
Sample size

Method 50 100 200 400 800

M&S 0.00162 0.00092 0.00053 0.00030 0.00017

M & S, Differene Quotient ~ 0.00484 0.00201 0.00095 0.00047 0.00024
(lower bound)

M & S, Difference Quotient 0.00211 0.00114 0.00063 0.00035 0.00019
(upper bound)

M & S, bias corrected 0.00104 0.00066 0.00041 0.00025 0.00015
Hart, Bnhsimulated 0.00159 0.00091 0.00052 0.00030 0.00017
Hart, Bnhasymptotic 0.00159 0.00091 0.00052 0.00030 0.00017
Hart, Bnh 0.00159 0.00091 0.00052 0.00030 0.00017

Hart, Bcn 0.00159 0.00091 0.00052 0.00030 0.00017
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Figure 19. Confidence Intervals and Variance ford,.Bernel =K21, Uniform Spacing
of Distances.

The interval midpoint serves as a measure of hogedhe estimates are to the
true values. Hart methods and the M & S (bias-cbedd method provide far better LD
estimates that are closer to the truevalues (0.4158 for LR and 0.5842 for L) than
the biased M & S methods. The Hart simulated asdHért asymptotic methods generate
LD estimates that are closest to the true LD valuéh,wery small underestimation of
LD»o and slight overestimation of Igpby the Hart simulated method. For the uniform
distances, thBnhmethod slightly underestimates ifand overestimates lgg) whereas
theBcnmethod and the M & S (bias-corrected) method Hiyghverestimate LBy and

underestimate LE) For example, when the sample size is 100Btitemethod
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Figure 20. Confidence Intervals and Variance fogd, Blernel =K21, Uniform Spacing
of Distances.

underestimates Lig by about 1.1% and tiig&cnand the M & S (bias-corrected) method
overestimate LBy by about 0.3%. The biased M & S methods underes¢inD,, and
overestimate Liy by a larger amount than the bias correction methatl methods
approach closer to the true LD values as sampéeistzeases.

The variances of LE3 are small. For a given sample size, the variapoeguced

by the Hart methods are the same, ranging froml®.@6r a sample size of 50 to 0.00017
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for a sample size of 800. The M & S (bias-correctadthod produces slightly smaller

variances than the Hart methods.

Normal Spacing of Distances

Figure 21 and Figure 22 show the mean intervaltteribe coverage probability,
the interval midpoint, and the variance of @nd LDy using kerneK21 when the

distances are normally spaced. The graphs fop BBd LDypare very similar.
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Figure 21. Confidence Intervals and Variance fopd.Blernel =K21, Normal Spacing of
Distances.

In the case of the normal spacing of distancesMi8&eS methods produce

shorter mean interval length than the Hart methBdsexample, the mean interval
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length for the M & S (bias-corrected) method is@#dmalf the length of the Hart
methods. In general, the coverage probability lamathods is higher than 90%. The
Hart methods and the M & S (bias-corrected) metheldl very high coverage
probability of LD, that are close to 100%. The biased M & S methoddyze coverage

probability in the low 90%.
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Figure 22. Confidence Intervals and Variance fogd, Blernel =K21, Normal Spacing of
Distances.

The M & S (bias-corrected) method provides betferdstimates that are closer

to the true Lxhan the Hart methods. The Hart simulated methoergges Lestimates
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that are closest to the true LD values. BothBhband theBcnmethods overestimate
LDy and underestimate Lgp However,Bnh estimates are closer to the true thnBcn
estimates. For a sample size of 100,Bhl overestimates LE3 by 1.3% whereas thgcn
overestimates LR by 3.6%. The extent of underestimatingkRnd overestimating
LDgo is more pronounced in the biased M & S methods tha bias-correction methods.
All methods approach closer to the true LD as sarsjzle increases.

For a normal density design, all M & S and Hartmoels produce very small LD
variances, but they are still approximately thrgees larger than those for a uniform
design density. For a given sample size, the veemproduced by the Hart methods are
the same, ranging from 0.003 for a sample siz&db®.0006 for a sample size of 800.
The variances produced by the M & S (bias-corrgateethod are about one-fourth the

size of variances produced by the Hart methods.

Estimation of Cline Width

The cline width is the difference between theghMalue and the LR value,
resulting in a true cline width of 0.1684 in oumsilation study for the probit curve. We
calculate the variance of the cline width in twoysiawith and without a covariance term.
Both ways yield identical interval midpoint. Incing the covariance term lowers the
variance of the cline width. For example, the vac&of the cline width is 2.36% smaller
when the sample size is 100 (0.00592 without camag term versus 0.00578 with
covariance term) using the Hart methods. As a refusmaller variance of the cline

width, the method with the covariance term yielt®rier interval length and lower
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coverage probability. However, the difference beesminiscule when the sample size

is large. In fact, the variances are almost theesalren the sample size is 400.

Uniform Spacing of Distances

The attributes of confidence intervals with andhwiit the covariance terms in

estimating the variance of the cline width are shawFigures 23 and 24, respectively.

Due to the similarity of the two figures, in thdlfoving sections, we discuss the

confidence intervals that take into account theadawice in computing the variance of

the cline width.
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Figure 23. Confidence Intervals and Variance fon€Width, Kernel K21, Uniform
Spacing of Distances (Variance of Cline Width isyaited with the Covariance Term).
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For a given sample size, the mean interval lenfgthall Hart methods are
identical. The interval lengths are shorter for¢hé& S (bias-corrected) method than the
Hart methods. The biased M & S methods producéotigest mean interval length. The
Hart methods produce higher coverage probabilay tihe M & S (bias-corrected)

method. Coverage probability for Hart methods isva93%.
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Figure 24. Confidence Intervals and Variance fon€Width, Kernel K21, Uniform
Spacing of Distances (Variance of Cline Width ispoited without the Covariance
Term).

Hart methods and the M & S (bias-corrected) metibgrovide accurate cline

width estimates that are close to the true clirdtmof 0.1684. The Hart simulated and
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the Hart asymptotic methods generate cline wedtimates that are closest to the true
cline width. For the uniform distance, tBah method overestimates the cline width,
whereas th8cnmethod and the M & S (bias-corrected) method #iiginderestimate
the cline width. When the sample size is 100,Bhboverestimates the cline width by
5.3% whereas thBcnunderestimates the cline width by 1.8%. The hiddek S
methods overestimate the cline width, by 15.8% wthersample size is 100. All
methods approach closer to the true cline widtbeagple size increases.

For a given sample size, the variances producetélfart methods are the
same, ranging from 0.0019 for a sample size 063MA0035 for a sample size of 800.
The variance of the cline width for the M & S (biamrected) method is smaller than the

Hart methods, about 37% smaller when the sampéeisiz00.

Normal Spacing of Distances

Figure 25 and Figure 26 show the mean intervaltteribe coverage probability
of the cline width, the interval midpoint, and treriance of the cline width using kernel
K21 when the distances are normally spaced, with atitut the covariance term in
computing the variance of the cline width.

The M & S (bias-corrected) method produces shonesgin interval length than
the Hart methods, about half the length of the IHethods. For example when the
sample size is 100, the mean interval length felh& S method is 0.13 compared to
0.3 for the Hart methods.

All Hart methods and the M & S (bias-corrected) moet produce coverage

probability close to 100%. The M & S (bias-corredtmethod provides much better
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cline width estimates that are very close to the tline widtrof 0.1684 than the Hart
methods. BotlBnhandBcnmethods underestimate the cline widdbwever,Bnh
estimates are closer to the true cline wittdmBcn estimates. With a sample size of 100,
the underestimation of the cline width is 6.7% a8é for theBnhandBcn,

respectively.
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Figure 25. Confidence Intervals and Variance fon€MWidth, Kernel =K21, Normal
Spacing of Distances (Variance of Cline Width isyaited with the Covariance Term).

The M & S (bias-corrected) method yields smallatareces than the Hart
methods. For a sample size of 100, the varianct#eeadtline width are 0.001 and 0.0058

for the M & S (bias-corrected) method and the Hagthods, respectively. The variances
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produced by the Hart methods are the same foremgample size, ranging from 0.0096
for a sample size of 50 to 0.0012 for a sample @i&90. These variances are about four

times larger than those from the uniformly spacsthdce.
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Figure 26. Confidence Intervals and Variance fon€Width, Kernel /K21, Normal
Spacing of Distances (Variance of Cline Width is@poited without the Covariance
Term).

The performance of the biased M & S methods is poorpared to the bias-
corrected methods. The biased M & S methods proldueger interval length, lower

coverage probability, and overestimate the clingtvby 16% for a sample size of 100.
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In summaryK21, K22, andK23 kernels generate similar estimates ob4,Dgy,
and cline width and confidence intervals. The Haethods and the M & S (bias-
corrected) method outperform the biased M & S na#th®hese bias corrected methods
generate higher coverage probability, shorter ni@@nval length, and estimates closer
to the truth values. As the sample size increases 50 to 800, we observe the following
general results: (1) the mean interval length desae (for example, with the keré2l
and the uniform spacing of distances using the keathods, the mean interval length
decreases from 0.16 to 0.05 in4g@2nd LDyo, and from 0.17 to 0.07 in the cline width);
(2) the estimates approach closer to the true (fbunexample, with the kern&l21 and
the uniform spacing of distances using the M & @gkcorrected) method, the cline
width estimate is 0.166 with a sample size of S@gared to 0.1686 with a sample size
of 800) and approaches closer to the true clineghmdlue of 0.1684; (3) variance
decreases at a rate ohHs sample size increases; (4) bandwidth decreasssmple size
increases. When the sample size doubles, the bdtiddecreases by about 13% and

14% for the uniform and the normal spacing of disés, respectively.



CHAPTER 5
INTERVAL ESTIMATES FOR GENETIC CLINE

In this chapter, we present the interval estimatd<d,,, LDgo, and the cline
width for the mitochondrial DNA (mtDNA) in the Lun{d.u) population of the field vole
(Jaarola, 1997). The mtDNA is a genetic marker tharacterizes one trait of the field
vole (Microtus agrestiy population. In a survey conducted from AugusDtiober in
1986 to 1992 in southern Sweden, 156 field volesfB6 localities were collected for
the mtDNA analysis. This sample size is typicatwolutionary genetics. Samples of
mtDNA genetic materials were collected at varioissashces from a fixed location often
a reference population or a geographic landmark.distances were not equally spaced.
The distances, the possession of some allele (nuohiseccesses) and the lack of that
allele (number of failures) in the Lu populatiore @hown in Table 6.

In our discussion, we will refer to the mtDNA irethund population asimt An
estimate of the probability density functionloit distances scaled to [0, 1] using the
S-PLUS functiordensityis shown in Figure 27. Thaensityfunction in S-PLUS is a
smoothing operation that returns thandy coordinates of a non-parametric estimate of
the probability density of the data. These are éeestimates. For eastvalue, the
window is centered on thatand the heights of the window at each data poet a
summed. After normalization, this sum is the cqroeglingy value. The distances scaled

to [0, 1] are shown as dots in Figure 27.
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Table 6. mtDNA in Lund Population Data
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Distance (km)

No. of successes

No. of failures

0.0
17.4
35.4
39.9
51.0
58.2
67.5
71.1
83.5
83.4
90.0

103.5
105.0
108.6
109.8
1125
113.4
115.8
116.4
120.0
124.5
132.6
138.8
140.7
141.9
145.8
154.2
155.2
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Table 6 continued

Distance (km) No. of successes No. of failures
156.6 0 1
157.9 0 7
159.9 0 2
161.7 0 6
171.0 0 9
175.0 0 1

fx
1.0 1.2 1.4 1.6

0.8
!

0.6
!

0.4

[e] O O o O [ele} o O @ ®@0 O O O a®» o @apco [e)e]

1 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 27. Probability Density Function laimt Distances.

The Gasser-Miller estimator fumt distances with Epanechnikov kernel (i.e.,
K(u) = .75(1¢°), -1 < u < 1) and a bandwidth of 0.15 is shown in Figure & kernel
estimator, p(x) displays a S-shaped curve that is decreasinginstat a fixed value of
= 0 and dropping to a fixed valuext 1. The LDy, LDgp, and the cline width are

estimated to be 0.656, 0.352, and 0.304, respéctiliee number of successes and the
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number of failures at each distance (scaled t&]jCare jittered and plotted in Figure 28.

The theory we have presented shows that this atseD,,, LDgo, and width are biased.

lumtphat
0.6 0.8 1.0
| |

0.4

0.2

Figure 28. Gasser-Miiller Estimator with Epanechwikernel (i.e.K(u) = .75(1+?), for
-1 <u < 1) and a Bandwidth of 0.15.

The simulations presented in Chapter 4 have inglictitat the bias correction
methods of Hart and M & S create more accuratenes#is and confidence intervals than
the biased M & S method. To compute the 95% confidentervals for Lk, LDgo, and
the cline width, we used the H&tnmethod and the M & S (bias-corrected) method.

The 95%Bcn confidence intervals for L{9, LDgo, and the cline width are computed as

éa+ Be g, VVarl po, )l +196 Var[ p(@,)]
p'(4.) \ [P @)1

and
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(éﬁ B no, vVar p(0;)] J ~ [ b1 B no, vVar p(0,)] J

P'(0s) p'(0,)

106 \/m B(0,)]_ Varl p(0,)]
[P@)  [P@)

~2CoU0,,6,),

wherea = 0.2 for LD,y and 0.8 for LIQo; Bcn is computed as
C*n oy p'(.)

2{2 {[ * Kfneo, - u)/C]du}zjm

BC,n,Ga =

The 95% M & S (bias-corrected) confidence interyatd.D-o, LDgo, and the cline width

(éa+ h*p" (9,)o Ji 106 [2@-a)3y
2p'(6,) nhp (@, )’

5,0 [ W0
T 2p'(0y) © o 2p'(0,)

il.%\/“(l_“)JK( t 1 2}—200\/(02,9_8).
nh p'(62)"  P'(Gs)

are computed as

and

In the HartBcnmethod and in the M & S (bias-corrected) confiageimterval

forumula, we need to compute the first derivatind the second derivative »fat 6, .
To estimatep’(x) and p"(X), we used the first and second difference methddllasvs:

P(X) — P(%_y) |

p'(x) = ™

~r - PO6) = P(%y)
p"(x) = ~ :
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We evaluated the goodness of the second differmetieod using a known probit
distribution with parameterg = .5 ands = .1. Further, we evaluated the probit curve at
a sequence of equally spaced points. The secontiles of the probit distribution at
LDyo and LDyo are 23.562 and -23.562, respectively. We compidwesk second
derivatives with those computed using the secofidrdnce method for various sample

sizes. The results are shown in Table 7.

Table 7. Estimated Second Derivativep@X) for the Probit

n 2nd derivative at L) 2nd derivative at Lg)
12 12.535 -12.331
24 15.928 -16.099
48 16.279 -17.520
96 18.334 -20.884
120 19.568 -18.993
400 20.328 -19.900

As the sample size increases, the estimgtgd, becpmes closer to the tryg (6, o)
the probit distribution. For a sample size of 408,also compared the estimatgd,, ,
with the trueB. , , . As shown in Table 8, the estimatgd ,, are very close to the true
Be s, -

The second difference method requires the compuatafip(x) . However, the

computation ofp(x) requires the knowledge of the bandwibffand the optimat

requires the knowledge of (). The problem we are facing is that we have two
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unknowns hereh(andp”(x) ), both need to be estimated and they depend dncther.
Our approach is to use some reasonable bandwidtimipute p(x) first. With p(x), we
then estimateg@” (x) . Usingp" (X) , we estimated the optimal Finally, using the optimal

h, we recalculate@(x), p'(x), and p"(x).

Table 8. Comparison of Estimated and TRy, ,

LDzo I—D80
Method p*(4,) Bc,n,a2 p"(6) BC,n,HB
true 23.562 0.4981 -23.562 -0.4981
2nd difference 20.328 0.4981 -19.900 -0.4876

We used an optimal bandwidth of 0.108 (initial baittih = 0.12) to estimate the
LDy, LDgo, and the cline width for themt distances. As stated earlier, thesb,D Dgo,
and the cline width for theimt data are themselves estimates subject to bia®esrpby
the theory we presented. Both Benand the M & S biased corrected estimates are
attempts at correcting the bias of the estimatlke.95% confidence intervals for k§)
LDgo, and the cline width for theimt sample using thBcnmethod and the M & S (bias-
corrected) method are shown in Table 9.

Both the HarBcnmethod and the M & S (bias-corrected) method adines
negative bias of theimt LD, estimate and produce larger dg@stimates than tHamt
LD estimate. On the other hand, both methods catreqgtositive bias of thieimt LDgg

estimate and the resulting bias-correcteddd3timates are smaller than thent LDgg



67

estimate. The cline width has negative bias anld biais-corrected methods attempt to

correct the bias by increasing the cline widthmeate.

Table 9. 95% Confidence Intervals for }DLDgg, Cline Width forlumt Distance

Bcn

M & S (bias-corrected)

95% confidence

95% confidence

lumt Estimate interval Estimate interval
LD>g 0.6528 0.6569 (0.6381, 0.6757) 0.6689 (0.6342, 0.7036)
LDgo 0.3532 0.3455 (0.3233, 0.3676) 0.3358 (0.2948, 0.3767)
Cline width  0.2995 0.3114 (0.2823, 0.3405) 0.3331 (0.2795, 0.3868)

The HartBcnmethod produces shorter interval length than th& $1(bias-

corrected) method. In fact, tlBenconfidence intervals lie completely within the M&

(bias-corrected) intervals.



CHAPTER 6
CONCLUSIONS AND FUTURE RESEARCH
In our research, we have developed the distribatiproperties of LBy, LDgo,
and the cline width. The bias of the estimatord.fdg,, LDgo, and the cline width

depends on the bandwidth, the sample size, theatuerof the cling"(x), and the

variance of the kernel. When the bandwidth is gitke bias does not depend on the
design density. However, if a data set is givenamdptimal bandwidth is computed, the

bias depends on the design density. Wpg(x) is positive, the bias is negative and the

estimator tends to underestimate the LD. Converfiadybias is positive and the

estimator overestimates the LD wheh(x) is negative. For the bias to be zero, it is

necessary for the bandwidth to tend to zero. F®wr#riance to tend to zero, we need the
sample size to tend to. For both the bias and the variance to tend to, zee¢ needh to
tend tocwo. Further, the variance is inversely proportiowalte design density and the
sample size.

Based on the distributional properties ofJ[.Dgo, and the cline width, we
developed approaches for constructing confidenesvials for LD, LDgp, and the cline
width using the Muller and Schmitt method (1988) &#me Hart method (1997). In the
simulation study mimicking a real data example (@aa1997), we generated a data set
containing 156 observations from a probit distiidmitwith equally spaced design points.

Using 1,000 replicate samples generated from trenparobit data, we verified the
68
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distributional properties of LE, LDgy, and the cline width. The simulated mean and
variance of the estimates conform to the theoreatiesan and variance.

We evaluated the performance of the confidencevalg based on the interval
midpoint, the interval length, and the coverageéphility. For various sample sizes,
design points, and kernels, the Hart method andtilileer and Schmitt (bias-corrected)
method outperforms the Muller and Schmitt methoiihput bias correction). ThBnh
and theBcn of the Hart method produce similar estimates anveiage probability. The
mean interval lengths for the two methods are idahtThe sample size, the bandwidth,
and the design points affect the quality of theficemce intervals. A larger sample size
(which results in a smaller bandwidth) improves peeformance of the confidence
intervals. When the distances are uniformly spattexiconfidence intervals are more
superior.

Since the Hart method and the Muller and Schmidéstoorrected) method
produce better confidence intervals than the bid&éter and Schmitt method, we used
the HartBcn method and the M & S (bias-corrected) method topuate the confidence
intervals for LDy, LDgp, and the cline width of the mitochondrial DNA g&oelata for
the field voles. Both methods are comparable ineating the bias of the estimates.

Our simulation indicates that the covariance obd.&hd LDy, is quite small. One
of the areas for future research is to explicilpress the covariance in terms of the
sample size, the spatial sampling design densiéybandwidth, the variance, and the
kernel, and to observe how the covariance vari#@s tivese characteristics. Based on our

knowledge of the variance of the kernel estimattar(, 1997)
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Var(p(x)) = %% [*k*) du+o[%j+o[n2—lhzj,

we conjecture that the covariance@fLD,,,LD,, is)positively related to the variance,
and inversely proportional to the sample size, badith, and the design density.

This dissertation focuses on a response curve whatbases or decreases
monotonically. We have demonstrated that the kerstination performs well with a
monotonic curve. For sufficiently large sample gi¥&6 in our field vole genetic data)
the kernel estimate is monotone. However, the kexstenate is not necessarily
monotone for finite samples, and,,,, might not be defined. To solve the non-
monotonicity problem, methods for defining monotad kernel estimates are needed.
One such method (Miller and Schmitt, 1988) is td for a giveny coordinate (X o« <
1) the correspondingcoordinate of the graph of the function estimtike the average
of the smallest and the largest ofxalloordinates, where the kernel estimate is equal to

a and the estimate of the first derivative
" 1 s X—U
@ (x)=_— KO 2= /
is positive. The graph is defined by
B= {(Ha,a)|a c[01,6, = %(inf M +supMa)} ,

whereM , ={x: p(x) =, p® (x) >0}.
Further work is needed to investigate the propeuiecline width using this procedure.
TheBcnmethod and the M & S (bias-corrected) method rechie knowledge of

p'(X) and p"(X) in the calculation of confidence intervals. Instdissertation, we have
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used the second difference method for estimatiaglénivatives. Further investigation is
needed to evaluate other methods such as the logiharkernel method as described in
Hart (1997).

In genetics fieldwork, samples are mostly collecetixed locations. The
distance between a starting point and these fixaatpfollows a discrete distribution.
We used the kernel density estimation for smoothuegprobability density function of
the distance. Further research and techniqueseaed to estimate LR LDgp, and the
cline width for discrete location sampling. It migtiso be of interest to match the
experimental design with data analysis and to agvah optimal design to obtain the
best estimates of Lig, LDgo, and the cline width.

In conclusion, our research has produced a newfdo@istimating the cline width
and its confidence interval using kernel technigqdéss cline width provides valuable
information to biologists regarding the extent afoame where two species might

hybridize, yielding crucial data for genetic divigys



APPENDIX A
S-PLUS PROGRAMS FOR SIMULATION STUDY
This Appendix shows the codes for creating the Ktran results presented in
Chapter 4. The purposes of the simulation are tido{ad) to investigate the distributional
results of LDy, LDgp, and the cline width for the probit curve; (2)aealuate the

performance of the confidence intervals foro,[.Dgo, and the cline width.

Creating Probit Data Set

The following codes create a probit data set warameters meary = 0.5 and

standard deviationy = 0.1 that contains 156 observations and to coenhé optimal

bandwidth. The distance is equally spaced.

n <- 156
m<-1

m2 <- 1000
sigma < 0.1
mu <- 0.5
alpha20 < 0.2
alpha80 < 0.8

LD20 <- gnorm(alpha20,mu,sigma)

pLD20 <- pnorm((LD20 - mu)/sigma)

plLD20 < dnorm(LD20,mu,sigma)

p2LD20 < -(1/sqgrt(2 * pi)) * (1/sigma”2) * exp(-0.5 * ((LRO -
mu)/sigma)”2) * ((LD20 - mu)/sigma)

LD80 <- gnorm(alpha80,mu,sigma)
pLD80 <- pnorm((LD80 - mu)/sigma)
plLD80 < dnorm(LD80,mu,sigma)
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p2LD80 < -(1/sqgrt(2 * pi)) * (1/sigma”2) * exp(-0.5 * ((LBO -
mu)/sigma)”2) * ((LD80 - mu)/sigma)

# Kernel K21: 3/4*(1-x"2)
B <- integrate(function(x){((3/4) * (1 - x"2) * x"2)}2, -1, 1)$integral
V <-integrate(function(x){((3/4)*(1-x**2))**2},-1,1)$integral

C1 < ((alpha20*(1-alpha20)*V)/(4*p2LD202*B"2))".2

# b is the bandwidth
b < Cl/n™.2

i <-1:n

xi <- (i-1)/(n-1)

guantile < (xi-mu)/sigma

probit <- pnorm(quantile)

wi <- seq(0,156,length=500)/156
nw <- length(wi)

den < density(xi,n=nw,from=0,to=1)
X <- den$x

f1x <- den$y

mx <- max(diff(x))

gXx <- sum(flx)*mx

fx <-- f1x/gx

yi <- rbinom(1*n,1,probit)

Gasser and Miller Kernel Estimator

The following codes compute the Gasser and Mullemédeestimator,

p(x) = %Z yij3 K(X;hu) du for the probit data, and estimate LD20, LD§D(X) ,
i=1

Si-1

p"(X). The program also computes

Varl p9,)] = p(6, )1~ p(6,)]-> i(j (% ujduJ and

h* & 7ss



Var(p(x)) = %% 3+ o(%j.

Xil <- xi[2:n]
xil <- ¢(xi1,1)

Si <= (xi+xil)/2
si0 < ¢(0,si[1:n-1])

xk <- -t(outer(x,c(0,si),"-")/b)
k <- abs(xk)<=1

int <- t(matrix(0,nw,n+1))
wint <- matrix(0,n,nw)

for (j in L:nw){
xk < ifelse(xk<=(-1),-1,xk)
xk < ifelse(xk>=1,1,xk)
int[,j] <= 3/4*((xk[.j]-(xk[,j]"*3)/3)-((-1)-((-1)"3)/3))
wint[,j] <- diff(int[,j])
}

|[d20 < rep(0,m)
|d80 <- rep(0,m)

phat < matrix(0,nw,m)
plhatx < matrix(0,nw-1,m)
p2hatx < matrix(0,nw-2,m)

pld20 < rep(0,m)
pld80 < rep(0,m)

plhat20 < rep(0,m)
p2hat20 < rep(0,m)

plhat80 < rep(0,m)
p2hat80 < rep(0,m)

var20 < rep(0,m)
var80 < rep(0,m)

for(k in 1:m) {
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}

wint <- sweep(wint,2,apply(wint,2,sum),"/")
phat[,k] < as.vector(yi%*%wint)

[d20[k] <- approx(phat[,k],x,alpha20)3$y

plhatx[,k] < diff(phat[,k])/max(diff(x))

plhat20[k] < approx(x[-1],plhatx[,k],Id20[k])$y

p2hatx[,k] < diff(plhatx[,k])/max(diff(x))

p2hat20[k] < approx(x[c(1,length(x))],p2hatx[,k],Id20[k])$y
pld20[k] <- approx(x,phat[,k],LD20)$y

Id80[k] <- approx(phat[,k],x,alpha80)$y

plhat80[k] < approx(x[-1],plhatx[,k],Id80[k])$y

p2hat80[k] < approx(x[c(1,length(x))],p2hatx[,k],Id80[k])$y
pld80[k] <- approx(x,phat[,k],LD80)$y

for(k in 1:m) {

}

xk120 < -(LD20-c(0, si))/b

xk120 < ifelse(xk120 <= (-1), -1, xk120)

xk120 < ifelse(xk120 >= 1, 1, xk120)

int120 < (3/4) * ((xk120 - (xk12073)/3) - ((-1) - ((-1)"33))
wintl120 < diff(int120)

wintl1220 < sum(wint120”2)

var20[k] < pld20[k]*(1-pld20[k])*wint1220

xk180 < -(LD80-c(0, si))/b

xk180 < ifelse(xk180 <= (-1), -1, xk180)

xk180 < ifelse(xk180 >= 1, 1, xk180)

int180 < (3/4) * ((xk180 - (xk18073)/3) - ((-1) - ((-1)"33))
wintl180 < diff(int180)

wint1280 < sum(wint180”2)

var80[k] < pld80[k]*(1-pld80[k])*wint1280

# for computing O(1/n) in var(p(x))

d20 < 1 #density of uniform = 1
d80 < 1
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wl <- seq(-1,1,.01)
den20 < density(Id20-b*wl,n=length(w1))

fO20 < ((3/4)*(1-w172))"2/(den208%y)
intl20 < sum(fO20[2:(length(fO20)-1)])*max(diff(wl))
int220 < V/d20

den80 < density(lumtld80-b*w1,n=length(w1l))

fO80 < ((3/4)*(1-w172))"2/(den803%y)

int180 < sum(fO80[2:(length(fO80)-1)])*max(diff(wl))
int280 < V/d80

f20 <- rep(0,m)
O1lovernvar20 <rep(0,m)
v20 < rep(0,m)
f80 <- rep(0,m)
Olovernvar80 <rep(0,m)
v80 <- rep(0,m)

for(k in 1:m) {

f20[k] <- approx(x,phat[,k],1d20[k])$y
Olovernvar20[k] < (f20[k]*(1-f20[k])/(n*b))*(int120-int220)
v20[K] <- f20[k]*(1-f20[Kk])*V/(n*b*d20)+Olovernvar20[k]

f80[k] <- approx(x,phat[,k],Id80[k])$y

O1lovernvar80[k] < (f80[k]*(1-f80[k])/(n*b))*(int180-int280)
v80[Kk] <- f80[k]*(1 - f80[k])*V/(n*b*d80)+ O1lovernvar80[Kk]

ComputingBcn

C*n* o p' ()

20@1" {[:1 K[n"®(x-u)/C] du}zjﬂ2

The following codes computB,. , = for

the probit data.

Xil <- xi[2:n]
xil <- ¢(xi1,1)
si <= (xi+xil)/2
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si0 < ¢(0,si[1:n-1])
sig2k < 2*B
# computeBenfor LD20

Cl < ((alpha20*(1-alpha20)*V)/(4*p2LD2072*B"2))".2

b < Cl/n™.2

xk120 < -(LD20-c(0, si))/b

xk120 < ifelse(xk120 <= (-1), -1, xk120)

xk120 < ifelse(xk120 >= 1, 1, xk120)

int120 < (3/4) * ((xk120 - (xk12073)/3) - ((-1)- ((-1)"3))3

wint120 < diff(int120)

wint1220 < sum((b*wint120)"2)

v320 < pLD20*(1-pLD20)*wint1220

Bcn220 < (C173 * n~(-0.6) * 2 * B * p2LD20)/(2 *
sqrt(wint1220 * alpha20 * (1-alpha20)))

# computeBenfor LD80

xk180 < -(LD80-c(0, si))/b

xk180 < ifelse(xk180 <= (-1), -1, xk180)

xk180 < ifelse(xk180 >= 1, 1, xk180)

int180 < (3/4) * ((xk180 - (xk18073)/3) - ((-1) - ((-1)733))

wint180 < diff(int180)

wint1280 < sum((b*wint180)"2)

v380 < pLD80*(1-pLD80)*wint1280

Bcn280[ik] < (C173 * n~(-0.6) * 2 * B * p2LD80)/(2 *
sqrt(wint1280 * alpha80* (1-alpha80)))

Bias of the Gasser- Milller Kernel Estimator

The following codes compute the bias of the Gaddéiler kernel estimator,

2

E(Py (X)) — P(X) = h? B (X2 +o(h?) + O(n™).

# computeo(h?),O(n™" Yfor LD20
X <- seq(0,1,0.01)

f20 <- function(u){ifelse(abs((LD20-u)/b)<=1,3/4*(1-ab4(D20-
u)/b)*2),0)}



ff20 <- function(u){ifelse(abs((LD20-u)/b)<=1,
3/4*(1-abs((LD20-u)/b)*2),0) * pnorm((u-mu)/sigmia)

ag20 < rep(0,n)

ah20 < rep(0,n)

for (i in 1:n){
ag20[i] < pxi[i]*integrate(f20,lower=si0[i],upper=si[i],
LD20=LD20,b=b)$integral
ah20[i] < integrate(ff20,lower=siO[i],upper=si[i],
LD20=LD20,b=b,mu=mu,sigma=sigma)$integral

}

Olovern20 <sum(ag20-ah20)/b

0lint20 < integrate(function(v){v*2 * exp(-0.5 * ((LD20-
mu)/sigma)”2)*(-exp(-0.5*((-2*(LD20-mu)*b*v+b"2*v~2/sigma))*
((LD20-mu-b*v)/sigma)+ ((LD20-mu)/sigma))*((3/4)*(v**2))},
-1,1)$integral

0b220 < (1/sqrt(2 * pi)) * (1/sigma”2) *olint20*b"2/2

# computeo(h?),O(n™" Yfor LD8O

f80 <- function(u){ifelse(abs((LD80-u)/b)<=1,3/4*
(1-abs((LD80-u)/b)"2),0)}

ff80 <- function(u){ifelse(abs((LD80-u)/b)<=1,3/4*
(1-abs((LD80-u)/b)"2),0) * pnorm((u-mu)/sigma)}

ag80 < rep(0,n)

ah80 < rep(0,n)

for (i in 1:n){
ag80J[i] < pxi[i]*integrate(f80,lower=si0[i],upper=si]i],
LD80=LD80,b=b)S$integral
ah80[i] < integrate(ff80,lower=siO[i],upper=si[i],
LD80=LD80,b=b,mu=mu,sigma=sigma)3$integral

}

Olovern80 <sum(ag80-ah80)/b

0lint80 < integrate(function(v){v"*2 * exp(-0.5* ((LD8O -
mu)/sigma)”2)*(-exp(-0.5*((-2*(LD80-mu)*b*v+b"2*v~2/sigma))*
((LD80-mu-b*v)/sigma)+((LD80-mu)/sigma))*((3/4)*(+*2))},
-1,1)$integral
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0b280 < (1/sqgrt(2 * pi)) * (1/sigma”2) *01lint80*b”"2/2

sig2k < 2*B
bias20 < b"2*p2LD20*sig2k/2+0O1lovern20+0b220
bias80 < b"2*p2LD80*sig2k/2+0O1lovern80+0b280

Covariance of LD20 and LD80 for the Kernel
Estimator

The following codes compute Caflyf, 6,) and cov(p@,), p@5))-
# compute expected value and variance@fD,, )

a20 < rep(0,n)

ag20 < rep(0,n)

for (i in 1:n){
a20[i] <
integrate(f20,lower=si0[i],upper=si[i],LD20=LD20,bx$integral
ag20[i] < pxi[i]*a20[i]

EpLD20 < sum(ag20)/b
VpLD20 <- alpha20*(1-alpha20)*sum(a2072)/(b"2)

# compute expected value and variancg@fDy, )

a80 < rep(0,n)

ag80 < rep(0,n)

for (i in 1:n){
a80[i] <
integrate(f80,lower=si0[i],upper=si[i],LD80=LD80,$integral
ag80J[i] < pxi[i]*a80[i]

}

EpLD80 < sum(ag80)/b

VpLD80 <- alpha80*(1-alpha80)*sum(a80.2)/(b"2)

# compute expected value of p(LD20) and p(LD80)
eg2080 < rep(0,n)
for (i in 1:n){
eg2080[i] < (pxi[i]*(1-pxi[i])+(pxi[i]*2))*(integrate(f20,lower=si0[i],
upper=si[i],LD20=LD20,b=b)S$integral)*
(integrate(f80,lower=si0[i],upper=si[i],
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LD80=LD80,b=b)$integral)
}

€cg2080 < matrix(0,n,n)

for (i in 1:n){
for (j in 1:n){
€cg2080Ji,j] <
ifelse(i==j,0,(pxi[i]*pxi[j]*(integrate(f20,lower=30[i],upper=si[i],
LD20=LD20,b=b)$integral)*(integrate(f80,lower=si]
upper=si[j],LD80=LD80,b=b)$integral)))

}

Ep20p80 < (1/b"2)*(sum(eg2080) + sum(cg2080))
Covp20p80 < Ep20p80 - EpLD20 * EpLD8O

# compute cov(LD20,LD80)
covLD20LD80 < Covp20p80/(p1LD20*p1LD80O)

# compute var(LD20) and var(LD80)
varLD20 < VpLD20/(p1LD20"2)
varLD80 < VpLD80/(p1LD80"2)

# compute correlation of LD20 and LD80
corLD20LD80 < covLD20LD80/(sqrt(varLD20)*sqrt(varLD80))

Replicate Samples

The following codes generate 1,000 replicate sasnpled compute the kernel

estimators.

m2 <- 1000
bl < 0.123

phat < matrix(0,nw,m2)

xk <- -t(outer(x,c(0,si),"-")/bl)
int <- t(matrix(0,nw,n+1))
wint <- matrix(0,n,nw)

for (j in 1L:nw){
xk < ifelse(xk<=(-1),-1,xk)



81

xk < ifelse(xk>=1,1,xk)
int[,j] <- 3/4*((xK[,jl-(xK[,j]*3)/3)-((-1)-((-1)"3)/3))
wint[,j] <- diff(int[,j])

}

# generate replicate samples
for(k in 1:m2) {

yi <- NULL

phat < matrix(0,nw,m2)

yi <- c(yi,rbinom(1*n,1,probit))

wint <- sweep(wint,2,apply(wint,2,sum),"/")
phat[,k] < as.vector(yi%*%wint)

Confidence Intervals

The following codes compute 95% confidence intexrweing Muller and Schmitt

methods and Hart methods and compute coveragelplibba

n <- 100

m <- 4000
sigma < 0.1
mu < 0.5
alpha20 < 0.2
alpha80 < 0.8

LD20 <- gnorm(alpha20)*sigma+mu

pLD20 <- pnorm((LD20 - mu)/sigma)

plLD20 < dnorm(LD20,mu,sigma)

p2LD20 < -(1/sqgrt(2 * pi)) * (1/sigma”n2) *

exp(-0.5 * ((LD20 - mu)/sigma)”~2) * ((LD20 - mu)/gma)

LD80 <- gnorm(alpha80)*sigma+mu

pLD80 <- pnorm((LD80 - mu)/sigma)

plLD80 <- dnorm(LD80,mu,sigma)

p2LD80 < -(1/sqgrt(2 * pi)) * (1/sigman2) *

exp(-0.5 * ((LD80 - mu)/sigma)”~2) * ((LD80 - mu)/gma)

# Kernel K21: 3/4*(1-x"2)
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B <- integrate(function(x){((3/4) * (1 - x"2) * x"2)}/2-1, 1)S$integral
V <-integrate(function(x){((3/4)*(1-x**2))**2},-1,1)$integral

beta < 0.05
Cl < ((alpha20*(1-alpha20)*V)/(4*p2LD20"2*B"2))".2
b < Cl/n™.2

f20 <- rep(0,m)

v20 < rep(0,m)

LD20 <- rep(0,m)
LD20plus < rep(0,m)
LD20minus < rep(0,m)
LD20plusH < rep(0,m)
LD20minusH < rep(0,m)

f80 <- rep(0,m)
v80 < rep(0,m)
LD80 <- rep(0,m)

LD80plus < rep(0,m)
LD80minus < rep(0,m)
LD80plusH < rep(0,m)
LD80minusH < rep(0,m)

I <-1:n

Xi <- (i-1)/(n-1)
Xil <- xi[2:n]
xil <- ¢(xi1,1)

si < (xi+xil)/2
si0 < ¢(0,si[1:n-1])

gquantile < (xi-mu)/sigma
probit < pnorm(quantile)

X <- seq(0,1,0.01)
px < pnorm((x-mu)/sigma)

nx <- length(xi)
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phat < matrix(0,nx,m)

xk <- -t(outer(xi,c(0,si),"-")/b)
k <- abs(xk)<=1

int <- t(matrix(0,nx,n+1))

wint <- matrix(0,n,nx)

# compute kernel estimator for LD20 and LD80

for (j in 1:nx){
xk < ifelse(xk<=(-1),-1,xk)
xk < ifelse(xk>=1,1,xk)
int[,j] <= (3/4)*((xK[jI-(xk[,j]*3)/3)-((-1)-((-1)"3)/3))
wint[,j] <- diff(int[,j])
}

phat < matrix(0,nx,m)

yi <- matrix(0,n,m)

plhatx < matrix(0,nx-1,m)
p2hatx < matrix(0,nx-2,m)
plhat20 < rep(0,m)
p2hat20 < rep(0,m)

plhat80 < rep(0,m)
p2hat80 < rep(0,m)

for(k in 1:m) {
yi[,k] <- rbinom(1*n,1,probit)
wint <- sweep(wint,2,apply(wint,2,sum),"/")
phat[,k] < as.vector(yi[,k]%*%wint)
LD20[k] <- approx(phat[,k],xi,alpha20)$y
plhatx[,k] < diff(phat[,k])/max(diff(xi))
LD80[k] <- approx(phat[,k],xi,alpha80)$y

%or(k in 1:m) {
plhat20[k] < approx(xi[-1],plhatx[,k],LD20[k])$y
p2hatx[,k] < diff(plhatx[,k])/max(diff(xi))
p2hat20[k] < approx(xi[-c(1,length(xi))], p2hatx[,k],LD20[k])$y

f20[Kk] <- approx(xi,phat[,k],gnorm(alpha20,.5,sigma))3$y
v20[k] <- f20[k]*(1-f20[k])*sum(wint[,kk]"*2)



v120 < alpha20*(1-alpha20)*sum(wint[,kk]"2)

LD20plus[k] < approx(phat[,k],xi,alpha20+sqrt(v120))$y
LD20minus[k] < approx(phat[,k],xi,alpha20-sqrt(v120))$y
LD20plusH[k] < approx(phat[,k],xi,alpha20+sqrt(v20[k]))$y
LD20minusH[k] < approx(phat[,k],xi,alpha20-sqrt(v20[k]))$y

plhat80[k] < approx(xi[-1],plhatx[,k],LD80[k])$y
p2hat80[k] < approx(xi[-c(1,length(xi))], p2hatx[,k],LD80[k])$y

f80[k] <- approx(xi,phat[,k],gnorm(alpha80,.5,sigma))3$y
v80[Kk] <- f80[k]*(1-f80[k])*sum(wint[,kk]"2)

v180 < alpha80*(1-alpha80)*sum(wint[,kk]"2)

LD80plus[k] < approx(phat[,k],xi,alpha80+sqrt(v180))$y
LD80minus[k] < approx(phat[,k],xi,alpha80-sqrt(v180))$y
LD80plusH[k] < approx(phat[,k],xi,alpha80+sqrt(v80[k]))$y
LD80minusH[k] < approx(phat[,k],xi,alpha80-sqrt(v80[k]))$y
}

HLD20 <- rep(0,m)
HloLD20 <- rep(0,m)
HupLD20 < rep(0,m)
Hbcn2LD20 < rep(0,m)
Hbcn2loLD20 < rep(0,m)
Hbcn2upLD20 < rep(0,m)

HbnhLD20 < rep(0,m)
HbnhloLD20 < rep(0,m)
HbnhupLD20 < rep(0,m)
HbnhalLD20 < rep(0,m)
HbnhaloLD20 < rep(0,m)
HbnhaupLD20 <rep(0,m)

v220 < rep(0,m)
v280 < rep(0,m)

loLD20 <- rep(0,m)
upLD20 < rep(0,m)
bcLD20 < rep(0,m)
lobcLD20 < rep(0,m)
upbcLD20 < rep(0,m)
DQloLD20 <- rep(0,m)



DQupLD20 < rep(0,m)

HLD80 <- rep(0,m)
HloLD80 <- rep(0,m)
HupLD80 < rep(0,m)
Hbcn2LD80 < rep(0,m)
Hbcn2loLD80 < rep(0,m)
Hbcn2upLD80 < rep(0,m)

HbnhLD80 < rep(0,m)
HbnhloLD80 < rep(0,m)
HbnhupLD80 < rep(0,m)
HbnhalLD80 < rep(0,m)
HbnhaloLD80 < rep(0,m)
HbnhaupLD80 < rep(0,m)

loLD80 <- rep(0,m)
upLD80 < rep(0,m)
bcLD80 < rep(0,m)
lobcLD80 < rep(0,m)
upbcLD80 < rep(0,m)
DQIloLD80 <- rep(0,m)
DQupLD80 < rep(0,m)

Hcline < rep(0,m)
Hlocline < rep(0,m)
Hupcline < rep(0,m)

Hbcn2cline < rep(0,m)
Hbcn2locline < rep(0,m)
Hbcn2upcline <rep(0,m)
Hbnhcline < rep(0,m)
Hbnhlocline < rep(0,m)
Hbnhupcline < rep(0,m)

Hbnhacline < rep(0,m)
Hbnhalocline < rep(0,m)
Hbnhaupcline <rep(0,m)

locline < rep(0,m)
upcline < rep(0,m)



bccline < rep(0,m)
lobccline < rep(0,m)
upbccline < rep(0,m)

DQIlocline < rep(0,m)
DQupcline < rep(0,m)

# Hart

HLD20 <- LD20 + hz220*sqrt(v20)/p1LD20

HloLD20 <- HLD20 - gnorm(1-beta/2)*(sqrt(v20)/p1LD20)
HupLD20 < HLD20 + gnorm(1-beta/2)*(sqrt(v20)/p1LD20)
lenHLD20 < HupLD20 - HloLD20

HLD80 <- LD80 + hz280*sqrt(v80)/p1LD80

HloLD80 <- HLD8O0 - gnorm(1-beta/2)*(sqrt(v80)/p1LD80)
HupLD80 < HLD80 + gnorm(1-beta/2)*(sqrt(v80)/p1LD80)

Hcline << HLD80O - HLD20

Hlocline <- Hcline - gnorm(1-beta/2)*
sqrt(v20/p1LD2072+v80/p1LD80"2-2*CovLD20LD80)

Hupcline < Hcline + gnorm(1-beta/2)*
sqrt(v20/p1LD2072+v80/p1LD80"2-2*CovLD20LD80)

# Muller and Schmitt

v220 < v120/(plhat2072)

l[oLD20 <- LD20 - gqnorm(1-beta/2)*sqrt(v220)
upLD20 < LD20 + gnorm(1l-beta/2)*sqrt(v220)
v280 < v180/(plhat80”2)

loLD80 <- LD80 - gqnorm(1-beta/2)*sqrt(v280)
upLD80 < LD80 + gnorm(1l-beta/2)*sqrt(v280)

v2cline < v120/(plhat2072)+v180/(p1hat80”72)-2*CovLD20LD80
locline < (LD80 - LD20)- gnorm(1-beta/2)*sqrt(v2cline)
upcline < (LD80 - LD20)+ gnorm(1-beta/2)*sqrt(v2cline)

# Muller and Schmitt (Difference Quotient method)
DQloLD20 <- LD20 - gnorm(1-beta/2)*(LD20-LD20minus)
DQupLD20 < LD20 + gnorm(1-beta/2)*(LD20plus-LD20)

DQIoLD80 < LD80 - gnorm(1-beta/2)*(LD80-LD80minus)
DQupLD80 < LD80 + gnorm(1-beta/2)*(LD80plus-LD80)
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DQIlocline < (LD80-LD20) - gnorm(1-beta/2)*sqrt((LD20-
LD20minus)”*2+(LD80-LD80minus)”2-2*CovLD20LD80)
DQupcline < (LD80-LD20) + gnorm(1-beta/2)*sqrt((LD20plus-

LD20)"2+(LD80plus-LD80)"2-2*CovLD20LD80)

# bias-corrected CI (Muller and Schmitt Theorem 4)

bcLD20 < (LD20+(b”2*B*mu)/sigma”2)/(1+b”"2*B/sigma”2)

bcsdLD20 < (sqgrt((alpha20*(1-alpha20)*V)/(n*b*p1LD20"2)))/
(1+b"2*B/sigma”?2)

lobcLD20 < bcLD20 - (gnorm(1-beta/2))*bcsdLD20

upbcLD20 < bcLD20 + (gnorm(1-beta/2))*bcsdLD20

bcLD80 < (a$LD80+(b"2*B*mu)/sigma”2)/(1+b"2*B/sigma”2)

bcsdLD80 < (sqrt((alpha80*(1-alpha80)*V)/(n*b*p1LD80"2)))/
(1+b"2*B/sigman?2)

lobcLD80 < bcLD80 - (gnorm(1-beta/2))*bcsdLD80

upbcLD80 < bcLD80 + (gnorm(1-beta/2))*bcsdLD80

bccline < bcLD80 - bcLD20

bcsdcline < sgrt((alpha20*(1-alpha20)*V)/
(n*b*plLD2072)/(1+b"2*B/sigman2)"2 +(alpha80*
(1-alpha80)*V)/(n*b*p1LD8072)/(1+b"2*B/sigman2)"2-
2*CovLD20LD80)

lobccline < bcecline - (gnorm(1-beta/2))*bcsdcline

upbccline < bccline + (qnorm(1-beta/2))*bcsdcline

# Hart (Bcn)
Hbcn2LD20 < LD20 + Bcn220*sqrt(v20)/p1LD20

Hbcn2loLD20 < Hbcn2LD20-gnorm(1-beta/2)*(sqrt(v20)/p1LD20)
Hbcn2upLD20 < Hbcn2LD20+gnorm(1-beta/2)*(sqrt(v20)/p1LD20)

Hbcn2LD80 < LD80 + Bcn280*sqrt(v80)/p1LD8O

Hbcn2loLD80 < Hbcn2LD80-gnorm(1-beta/2)*(sqrt(v80)/p1LD80)
Hbcn2upLD80 < Hbcn2LD80+gnorm(1-beta/2)*(sqrt(v80)/p1LD80)

Hbcn2cline < Hbcn2LD80 - Hbcn2LD20
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Hbcn2locline < Hbcn2cline - gnorm(1-beta/2)* sqrt(v20/p1LD20"2 +

v80/p1LD8072-2*CovLD20LD80)

Hbcn2upcline < Hbcn2cline + gnorm(1-beta/2)* sqrt(v20/pl1LD2072 +

v80/p1LD8072-2*CovLD20LD80)

# Hart (Bnh) asymptotic
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vxh20 < alpha20*(1-alpha20)/(n*b)*V

Bnyasy20 < (sum(ag20)/b-pLD20)/sqrt(vxh20)

HbnhalD20 < LD20 + Bnhasy20*sqrt(v20)/p1LD20

HbnhaloLD20 < HbnhalLD20 - gnorm(1-beta/2)*(sqrt(v20)/p1LD20)
HbnhaupLD20 < HbnhalLD20 + gnorm(1-beta/2)*(sqrt(v20)/p1LD20)

Vxh80 <- alpha80*(1-alpha80)/(n*b)*V

Bnyasy80 < (sum(ag80)/b-pLD80)/sqrt(vxh80)

HbnhalD80 < LD80 + Bnhasy80*sqrt(v80)/p1LD80

HbnhaloLD80 < HbnhalLD80 - gnorm(1-beta/2)*(sqrt(v80)/p1LD80)
HbnhaupLD80 < HbnhalLD80 + gnorm(1-beta/2)*(sqrt(v80)/p1LD80)

Hbnhacline < HbnhalLD80 - HbnhalLD20
Hbnhalocline < Hbnhacline - gnorm(1-beta/2)* sqrt(v20/p1LD20"2 +
v80/p1LD8072 - 2*CovLD20LD80)

Hbnhaupcline <Hbnhacline + gnorm(1-beta/2)* sqrt(v20/p1LD20"2 +
v80/plLD80”2 - 2*CovLD20LD80)

# Hart (Bnh)

Bnh20 < (C173*n”(-.6)*p2LD20*2*B+0O1lovern20+0b220)/(2*sqnB20))
HbnhLD20 < LD20 + Bnh20*sqrt(v20)/p1LD20

HbnhloLD20 < HbnhLD20 - gnorm(1-beta/2)*(sqrt(v20)/p1LD20)
HbnhupLD20 < HbnhLD20 + gnorm(1-beta/2)*(sqrt(v20)/p1LD20)

Bnh80 < (C173*n"(-.6)*p2LD80*2*B+0Olovern80+0b280)/(2*sqnB80))
HbnhLD80 < LD80 + Bnh80*sqrt(v80)/p1LD80

HbnhloLD80 < HbnhLD80 - gnorm(1-beta/2)*(sqrt(v80)/p1LD80)
HbnhupLD80 < HbnhLD80 + gnorm(1l-beta/2)*(sqrt(v80)/p1LD80)

Hbnhcline <HbnhLD80 - HbnhLD20

Hbnhlocline < Hbnhcline - gnorm(1-beta/2)* sqrt(v20/p1LD20"2 +
a$v80/p1LD80"2 - 2*CovLD20LD80)

Hbnhupcline < Hbnhcline + gnorm(1-beta/2)* sqrt(a$v20/p1LD20"2 +
v80/p1LD8072 - 2*CovLD20LD80)

gcline < gnorm(alpha80,.5,sigma) - gnorm(alpha20,.5,sigma)

# LD20 coverage probability, M&S (5.4)

covLD20 < sum(loLD20 < gnorm(alpha20,.5,sigma) &
gnorm(alpha20,.5,sigma) < upLD20)/m

# LD20 coverage probability, M&S (5.7)



covDQLD20 < sum(DQloLD20 < gnorm(alpha20,.5,sigma) &
gnorm(alpha20,.5,sigma) < DQupLD20)/m

# LD20 coverage probability bias-correction, M&Sebinem 4"

covbcLD20 < sum(lobcLD20 < gnorm(alpha20,.5,sigma) &
gnorm(alpha20,.5,sigma) < upbcLD20)/m

# LD20 coverage probability, Hart (top of p.79)

covHLD20 < sum(HIoLD20 < gnorm(alpha20,.5,sigma) &
gnorm(alpha20,.5,sigma) < HupLD20)/m

# LD20 coverage probability, Hart Bcn2

covHbcn2LD20 < sum(Hbcn2loLD20 < gnorm(alpha20,.5,sigma) &
gnorm(alpha20,.5,sigma) < Hbcn2upLD20)/m

# LD20 coverage probability, Hart Bnh

covHbnhLD20 < sum(HbnhloLD20 < gnorm(alpha20,.5,sigma) &
gnorm(alpha20,.5,sigma) < HbnhupLD20)/m

# LD20 coverage probability, Hart Bnh asymptotic

covHbnhalD20 < sum(HbnhaloLD20 < gnorm(alpha20,.5,sigma) &
gnorm(alpha20,.5,sigma) < HbnhaupLD20)/m

# LD80 coverage probability M&S (5.4)

covLD80 < sum(loLD80 < gnorm(alpha80,.5,sigma) &
gnorm(alpha80,.5,sigma) < upLD80)/m

# LD80 coverage probability M&S (5.7)
covDQLD80 < sum(DQIloLD80 < gnorm(alpha80,.5,sigma) &
gnorm(alpha80,.5,sigma) < DQupLD80)/m

# LD80 coverage probability bias-correction, M&Sebinem 4

covbcLD80 < sum(lobcLD80 < gnorm(alpha80,.5,sigma) &
gnorm(alpha80,.5,sigma) < upbcLD80)/m

# LD80 coverage probability, Hart
covHLD80 < sum(HIoLD80 < gnorm(alpha80,.5,sigma) &
gnorm(alpha80,.5,sigma) < HupLD80)/m

#L.D80 coverage probability, Hart Bcn
covHbcn2LD80 < sum(Hbcn2loLD80 < gnorm(alpha80,.5,sigma) &
gnorm(alpha80,.5,sigma) < Hbcn2upLD80)/m

#LD80 coverage probability, Hart Bnh
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covHbnhLD80 < sum(HbnhloLD80 < gnorm(alpha80,.5,sigma) &
gnorm(alpha80,.5,sigma) < HbnhupLD80)/m

# LD80 coverage probability, Hart Bnh asymptotic

covHbnhalD80 < sum(HbnhaloLD80 < gnorm(alpha80,.5,sigma) &
gnorm(alpha80,.5,sigma) < HbnhaupLD80)/m

# cline coverage probability, M&S (5.4)
covcline < sum(locline < gqcline & qcline < upcline)/m

# cline coverage probability, M&S (5.7)
covDQcline < sum(DQlocline < qcline & qcline < DQupcline)/m

# cline coverage probability bias-correction,M&S ohem 4
covbccline < sum(lobccline < gcline & gcline < upbccline)/m

# cline coverage probability, Hart
covHcline < sum(Hlocline < qcline & qcline < Hupcline)/m

# cline coverage probability, Hart Bcn
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covHbcn2cline < sum(Hbcn2locline < qcline & qcline < Hbcn2upclide)

# cline coverage probability, Hart Bnh

covHbnhcline < sum(Hbnhlocline < qcline & qcline < Hbnhupcline)/m

# cline coverage probability, Hart Bnh asymptotic

covHbnhacline <sum(Hbnhalocline < gcline & gcline < Hbnhaupclinm)



APPENDIX B
S-PLUS PROGRAMS FORimt DATA
This Appendix shows the codes for computing$,[Dsgg, the cline width, and
the corresponding confidence intervals for ltirat distances using tHgécn method and
the Muller and Schmitt (bias-corrected) method. dhwfidence intervals require the
knowledge of the first and second derivatives efkbrnel estimator. Our approach for

estimating the derivatives is to use some reaserzidwidth to comput@(x) first.
With p(x), we then estimatp"(x) . Usingp"(X), we estimate the optimhl Finally,

using the optimah, we recalculat@(x), p'(x), and p"(X).

Computing an Initial Kernel Estimator and Second
Derivative of the Kernel Estimator

This program uses a reasonable bandwidth (0.1&)rtgoute p(x) first.

n <- length(lumtdata$outcome)
b<0.12

# use this bandwidth b to estimgté(x), then use estimated" (x) to find optimal b for
lumt data

yi <- lumtdata$outcome

# transform dist to [0,1] range
lumtdist0l < lumtdata$dist/max(lumtdata$dist)

den < density(lumtdistO1,n=n,from=0, to=1)
X <- den$x
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f1x <- den$y

mx <- max(diff(x))
gXx <= sum(flx)*mx
fx <- f1x/gx

Xi <- sort(lumtdist01)
xil <- xi[2:n]
Xil <= c¢(xil,1)

Ssi < (xi+xil)/2
si0 < c¢(0,si[1:n-1])

nx < length(x)

xk <- -t(outer(x,c(0,si),"-")/b)
k <- abs(xk)<=1

int <- t(matrix(0,nx,n+1))
wint <- matrix(0,n,nx)

for (j in 1:nx){
xk < ifelse(xk<=(-1),-1,xk)
xk < ifelse(xk>=1,1,xk)
int[,j] <- 3/4*((xk[,j]-(xKk[,j]*3)/3)-((-1)-((-1)"3)/3))
wint[,j] <- diff(int[,j])
}

lumtld20 < NULL
lumtld80 < NULL

lumtphat < rep(0,nx)
lumtplhatx < rep(0,nx-1)
lumtp2hatx < rep(0,nx-2)

lumtpld20 < NULL
lumtpld80 < NULL

lumtplhat20 < NULL
lumtp2hat20 < NULL
lumtplhat80 < NULL
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lumtp2hat80 < NULL
wint <- sweep(wint,2,apply(wint,2,sum),"/")

lumtphat < as.vector(yi%*%wint)

lumtld20 < approx(lumtphat,x,alpha20)$y

lumtplhatx < diff(lumtphat)/max(diff(x))

lumtplhat20 <approx(x[-1],lumtplhatx,lumtld20)3$y

lumtp2hatx < diff(lumtplhatx)/max(diff(x))

lumtp2hat20 <approx(x[-c(1,length(x))],lumtp2hatx,lumtld20)$y

lumtpld20 < approx(x,lumtphat,lumtld20)3$y

lumtld80 < approx(lumtphat,x,alpha80)3$y
lumtplhat80 < approx(x[-1],lumtplhatx,lumtld80)3$y
lumtp2hat80 <approx(x[-c(1,length(x))],lumtp2hatx,lumtld80)$y

lumtpld80 < approx(x,lumtphat,lumtld80)3$y

d20 < approx(x,fx,lumtld20)$y
d80 < approx(x,fx,lumtld80)$y

Estimating First and Second Derivatives of the
Kernel Estimator

The following codes compute an optimal bandwidtking the optimal

bandwidth, we recalculatg(x), p'(x), and p"(X) .

# Compute optimal bandwidth
alpha20 < 0.2
alpha80 < 0.8

B <- integrate(function(x){((3/4) * (1 - x"2) * x"2)}/2-1, 1)S$integral
V <-integrate(function(x){((3/4)*(1-x**2))**2}, -1,1)3ntegral

C120 < ((alpha20*(1-alpha20)*V)/(d20*4*lumtp2hat2072*B"p).2
b20 < C120/n".2

C180 < ((alpha80*(1-alpha80)*V)/(d80*4*lumtp2hat8072*B"P).2
b80 < C180/n".2



b <- sum(b20,b80)/2

# Recalculatep(x), p'(x), and p"(X)

lumtld20 < NULL
lumtld80 < NULL

xi <- sort(lumtdist01)

Xil <- xi[2:n]
xil <- ¢(xi1,1)

si <= (xi+xil)/2
si0 < ¢(0,si[1:n-1])

nx <- length(x)

xk <- -t(outer(x,c(0,si),"-")/b)
k <- abs(xk)<=1

int <- t(matrix(0,nx,n+1))
wint <- matrix(0,n,nx)

for (j in 1:nx){
xk < ifelse(xk<=(-1),-1,xk)
xk < ifelse(xk>=1,1,xk)
int[,j] <= 3/4*((xK[.j]-(xk[,j]"*3)/3)-((-1)-((-1)"3)/3))
wint[,j] <- diff(int[,j])
}

lumtphat < rep(0,nx)
lumtphatr < rep(0,nx)
lumtplhatx < rep(0,nx-1)
lumtp2hatx < rep(0,nx-2)

lumtpld20 < NULL
lumtpld80 < NULL

lumtplhat20 < NULL
lumtp2hat20 < NULL

lumtplhat80 < NULL
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lumtp2hat80 < NULL
wint <- sweep(wint,2,apply(wint,2,sum),"/")
lumtphat < as.vector(yi%*%wint)

lumtld20 < approx(lumtphat,x,alpha20)$y

lumtplhatx < diff(lumtphat)/max(diff(x))

lumtplhat20 <approx(x[-1],lumtplhatx,lumtid20)3$y

lumtp2hatx < diff(lumtplhatx)/max(diff(x))

lumtp2hat20 <approx(x[-c(1,length(x))],lumtp2hatx,lumtld20)$y

lumtpld20 < approx(x,lumtphat,lumtid20)3$y

lumtld80 < approx(lumtphat,x,alpha80)$y
lumtplhat80 < approx(x[-1],lumtplhatx,lumtid80)3$y
lumtp2hat80 < approx(x[-c(1,length(x))],lumtp2hatx,lumtld80)$y

lumtpld80 <- approx(x,lumtphat,lumtid80)$y
# computing O(1/n) in var(p(x))

d20 < approx(x,fx,lumtld20)$y
d80 < approx(x,fx,lumtld80)$y

wl <- seq(-1,1,.01)
den20 < density(lumtld20-b20*w1,n=length(w1l))

fO20 < ((3/4)*(1-w172))"2/(den20%y)
intl20 < sum(fO20[2:(length(fO20)-1)])*max(diff(wl))
int220 < V/d20

den80 < density(lumtld80-b80*w1l,n=length(w1l))

fO80 < ((3/4)*(1-w172))"2/(den80%y)
intl180 < sum(fO80[2:(length(fO80)-1)])*max(diff(wl))
int280 < V/d80

lumtf20 <- NULL
lumtOlovernvar20 <NULL
lumtv20 < NULL
lumtf80 <- NULL
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lumtOlovernvar80 <NULL
lumtv80 < NULL

lumtf20 <- approx(x,lumtphat,lumtid20)$y
lumtOlovernvar20 <(lumtf20*(1-umtf20)/(n*b20))*(int120-int220)
lumtv20 < lumtf20*(1-lumtf20)*V/(n*b20*d20) + lumtOlovernv&0

lumtf80 <- approx(x,lumtphat,lumtid80)$y

lumtOlovernvar80 <(lumtf80*(1-umtf80)/(n*b80))*(int180-int280)
lumtv80 < lumtf80*(1-lumtf80)*V/(n*b80*d80) + lumtOlovernva0

ComputingBcn

Bcn220 < NULL
Bcn280 < NULL

n <- length(lumtdata$outcome)
lumtdistO1l < lumtdata$dist/max(lumtdata$dist)

xi <- sort(lumtdist01)
Xil <- xi[2:n]
Xil <- ¢(xil,1)

si < (xi+xil)/2
si0 < ¢(0,si[1:n-1])

sig2k < 2*B
# computeBenfor LD20

xk120 < -(lumtld20-c(0, si))/b20

xk120 < ifelse(xk120 <= (-1), -1, xk120)

xk120 < ifelse(xk120 >= 1, 1, xk120)

int120 < (3/4) * ((xk120 - (xk12073)/3) - ((-1) - ((-1)~33))
wintl120 < diff(int120)

wint1220 < sum((b20*wint120)"2)

wh20 < lumtpld20*(1-lumtpld20)/sum(wint120”72)

v320 < lumtpld20*(1-lumtpld20)*wint1220
Bcn220 < (C1207"3 * n*(-0.6) * 2 * B * lumtp2hat20)/



(2 * sqrt(wintl1220 * alpha20 * (1-alpha20)))
# computeBenfor LD80

xk180 < -(lumtld80-c(0, si))/b80

xk180 < ifelse(xk180 <= (-1), -1, xk180)

xk180 < ifelse(xk180 >= 1, 1, xk180)

int180 < (3/4) * ((xk180 - (xk18073)/3) - ((-1) - ((-1)"33))
wint180 < diff(int180)

wint1280 < sum((b80*wint180)"2)

wh80 < lumtpld80*(1-lumtpld80)/sum(wint180”2)
v380 < lumtpld80*(1-lumtpld80)*wint1280

Bcn280 < (C1807"3 * n*(-0.6) * 2 * B * lumtp2hat80)/
(2 * sqrt(wint1280 * lumtpld80 * (1-lumtpld80)))

Computing Covariance of LD20 and LD80 for the
lumt Distances

Xi <- sort(lumtdistO1)

xil <- xi[2:n]
Xil <- ¢(xil,1)

si <= (xi+xil)/2
si0 < ¢(0,si[1:n-1])

nx <- length(x)
pxi <- lumtphat

LD20 < lumtld20
LD80 <- lumtld80

# compute expected value of p(LD20)
pLD20 < lumtpld20

plLD20 < lumtplhat20

p2LD20 < lumtp2hat20

f20 <- function(u){ifelse(abs((LD20-u)/b)<=1,3/4*(1-abd(D20-
u)/b)*2),0)}
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a20 < rep(0,n)

ag20 < rep(0,n)

for (i in 1:n){
a20[i] <
integrate(f20,lower=si0[i],upper=si[i],LD20=LD20,b9$integral
ag20[i] <- pxi[i]*a20[i]

}

EpLD20 < sum(ag20)/b

VpLD20 <- alpha20*(1-alpha20)*sum(a20”72)/(b"2)

# compute expected value of p(LD80)

pLD80 <- lumtpld80
plLD80 < lumtplhat80
p2LD80 < lumtp2hat80

# K21: 3/4*%(1-x"2)
f80 <- function(u){ifelse(abs((LD80-u)/b)<=1,3/4*(1-ab4(D80-
u)/b)*2),0)}

a80 <- rep(0,n)

ag80 < rep(0,n)

for (i in 1:n){
a80[i] < integrate(f80,lower=siO0[i],upper=si]i],
LD80=LD80,b=b)S$integral
ag80J[i] < pxi[i]*a80[i]

}

EpLD80 < sum(ag80)/b

VpLD80 <- alpha80*(1-alpha80)*sum(a80.2)/(b"2)

# compute expected value of p(LD20) and p(LD80)
eg2080 < rep(0,n)

for (i in 1:n){
eg2080[i] < (pxi[i]*(1-pxi[iD)+(pxi[i]*2))*(integrate(f20,lower=si0[i],
upper=si[i],LD20=LD20,b=b)$integral)*(integrate (63
lower=si0[i],upper=si[i],LD80=LD80,b=b)$integral)

}

€cg2080 < matrix(0,n,n)
for (i in 1:n){
for (j in 1:n){
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€cg2080Ji,j] < ifelse(i==},0,(pxi[i]*pxi[j]*(integrate(f20,lower=si0Ji],
upper=si[i],LD20=LD20,b=b)$integral)*(integrate (®lower=si0[j],
upper=si[j],LD80=LD80,b=b)$integral)))

}
}

Ep20p80 < (1/b"2)*(sum(eg2080) + sum(cg2080))

Covp20p80 < Ep20p80 - EpLD20 * EpLDS8O

# compute cov(LD20,LD80)
covLD20LD80 < Covp20p80/(p1LD20*p1LD80O)

# compute var(LD20) and var(LD80)
varLD20 < VpLD20/(p1LD20"2)
varLD80 < VpLD80/(p1LD80"2)

# compute correlation of LD20 and LD80
corLD20LD80 < covLD20LD80/(sqrt(varLD20)*sqrt(varLD80))

Computing 95% Confidence Interval UsiBgn
Method and M & S (Bias-Corrected) Method

beta<0.5

# compute estimates and CI famt usingBcn method
lumtHbcn2LD20 < NULL

lumtHbcn2loLD20 < NULL
lumtHbcn2upLD20 < NULL
lumtlenHbcn2LD20 < NULL
lumtmpHbcn2LD20 < NULL

lumtHbcn2LD80 < NULL

lumtHbcn2loLD80 < NULL
lumtHbcn2upLD80 < NULL
lumtlenHbcn2LD80 < NULL
lumtmpHbcn2LD80 < NULL

lumtHbcn2cline < NULL

lumtHbcn2locline < NULL
lumtHbcn2upcline < NULL
lumtlenHbcn2cline < NULL
lumtmpHbcn2cline < NULL



# Hart (Bcn)
lumtHbcn2LD20 < lumtld20 + bcn220*sqrt(lumtv20)/lumtplhat20

lumtHbcn2loLD20 < lumtHbcn2LD20 - gnorm(1-beta/2)*
(sqgrt(lumtv20)/sqgrt(lumtplhat20”2))

lumtHbcn2upLD20 < lumtHbcn2LD20 + gnorm(1-beta/2)*
(sqrt(lumtv20)/sqgrt(lumtplhat20”2))

lumtlenHbcn2LD20 < lumtHbcn2upLD20 - lumtHbcn2loLD20
lumtmpHbcn2LD20 < (lumtHbcn2upLD20 + lumtHbcn2loLD20)/2
lumtHbcn2LD80 < lumtld80 + bcn280*sqrt(lumtv80)/lumtplhat80

lumtHbcn2loLD80 < lumtHbcn2LD80 - gnorm(1-beta/2)*
(sqgrt(lumtv80)/sqgrt(lumtplhat80.2))

lumtHbcn2upLD80 < lumtHbcn2LD80 + gnorm(1-beta/2)*
(sqrt(lumtv80)/sqgrt(lumtplhat80.2))

lumtlenHbcn2LD80 < lumtHbcn2upLD80 - lumtHbcn2loLD80
lumtmpHbcn2LD80 < (lumtHbcn2upLD80 + lumtHbcn2loLD80)/2

lumtcline < lumtld20 - lumtld80
lumtHbcn2cline < lumtHbcn2LD20 - lumtHbcn2LD80

lumtHbcn2locline < lumtHbcn2cline - gnorm(1l-beta/2)*
sqrt(lumtv20/lumtplhat2072 + lumtv80/lumtplhat8042
2 *CovLD20LD880)

lumtHbcn2upcline <lumtHbcn2cline + gnorm(1-beta/2)*
sqrt(lumtv20/lumtplhat2072 + lumtv80/lumtplhat8042
2 *CovLD20LD880)

lumtlenHbcn2cline <lumtHbcn2upcline - lumtHbcn2locline
lumtmpHbcn2cline < (lumtHbcn2upcline + lumtHbcn2locline)/2

# compute estimates and Cl famtusing M & S bias-corrected method
lumtMSLD20 < NULL

lumtMSIoLD20 < NULL

lumtMSupLD20 < NULL

lumtlenMSLD20 < NULL

lumtmpMSLD20 < NULL

[lumtMSLD80 < NULL

lumtMSIoLD80 < NULL
lumtMSupLD80 < NULL
lumtlenMSLD80 < NULL
lumtmpMSLD80 < NULL

lumtMScline < NULL
lumtMSlocline <« NULL
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lumtMSupcline < NULL
lumtlenMScline < NULL
lumtmpMScline < NULL

# bias-corrected CI (Muller and Schmitt Theorem 4)
lumtMSLD20 < lumtld20 + (b”"2*lumtp2hat20*2*B) /(2*lumtplhat20)
lumtMSsdLD20 < sqgrt((alpha20*(1-alpha20)*V)/(n*b*lumtplhat2072))

[lumtMSIoLD20 < lumtMSLD20 - gnorm(1-beta/2)*lumtMSsdLD20
lumtMSupLD20 < [umtMSLD20 + gnorm(1-beta/2)*lumtMSsdLD20
lumtlenMSLD20 < lumtMSupLD20 - lumtMSIoLD20
lumtmpMSLD20 < (lumtMSupLD20 + lumtMSIloLD20)/2

lumtMSLD80 < lumtld80 + (b"2*lumtp2hat80*2*B) /(2*lumtplhat80)
lumtMSsdLD80 <- sqrt((alpha80*(1-alpha80)*V)/(n*b*lumtplhat80.2))

lumtMSIoLD80 < lumtMSLD80 - gnorm(1-beta/2)*lumtMSsdLD80
lumtMSupLD80 < lumtMSLD80 + gnorm(1-beta/2)*lumtMSsdLD80
lumtlenMSLD80 < lumtMSupLD80 - lumtMSIloLD80
lumtmpMSLD80 < (lumtMSupLD80 + lumtMSIloLD80)/2

lumtcline < lumtld20 - lumtld80

lumtMScline < lumtMSLD20 - lumtMSLD80

lumtMSlocline < lumtMScline - gnorm(1-beta/2)*
sqrt((alpha20*(1-alpha20)*V)/(n*b)*
(/lumtplhat8072+1/lumtplhat2072) - 2 * CovLD20LDB

lumtMSupcline < lumtMScline + gnorm(1-beta/2)*
sqrt((alpha20*(1-alpha20)*V)/(n*b)*
(/lumtplhat8072+1/lumtplhat2072) - 2 * CovLD20LDB

lumtlenMScline < lumtMSupcline - lumtMSlocline

lumtmpMScline < (lumtMSupcline + lumtMSlocline)/2
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