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Abstract
We present a method for solving interacting, four-body systems in a one-dimensional harmonic
trap. By expressing the particle coordinates in Jacobi cartesian coordinates, we discover the
underlying Op, symmetry, i.e. tetrahedral (7;) symmetry with parity inversion. This symmetry
provides an alternate method for describing particle configurations and clustering, and it simplifies

numerical calculations of the energy eigenstates of the system for tunable interactions.



I. INTRODUCTION

Recent advances in experimental measurements of ultracold, trapped, and interacting
few-body systems have generated a need for precision calculations in few-body physics [1-
10]. Experimental progress motivates theoretical work, and precise theoretical models allow
for the advancement of experimental measurements [11].

In our theoretical model, we develop an efficient method to solve for the spectrum of
the Hamiltonian in a truncated Hilbert space. The three-particle method in [1] simplifies
the calculation of the Hamiltonian’s energy eigenstates by exploiting the underlying Cj,
symmetry (i.e., hexagonal symmetry with a vertical reflection plane). Building on this
three-particle method, we present a method for solving four harmonically-trapped particles
in one dimension by using an optimal computational basis that exploits the Hamiltonian’s
underlying Oy, symmetry (i.e. tetrahedral (T;) symmetry with parity inversion) and reduces
the number of degrees of freedom from four to three. Additionally, our model conveniently
describes particle clustering and interactions.

This method has a long history in nuclear, atomic, and molecular physics. Refs. [2] and
[3] exploit similar properties using different methods, and ref. [4] solves a similar problem
using an alternate, but related approach. Recent theoretical and experimental research has
also provided evidence for an analogous Efimov effect in the unitary limit of the N > 3-body

problem, opening a vast new domain of research in many-body systems [12].

II. MODEL OVERVIEW

In Sections III, IV, and V we begin by deriving the Hamiltonian for the harmonic trap
potentials and interaction potentials in two-, three-, and four-particle systems. The trap
potential contains energy potentials arising only from the trap itself, whereas the interaction
potential contains only the contact potentials between two-particle interactions.

In each of the following derivations we begin in the particle coordinate system in configu-
ration space and perform a change of basis transformation into a Jacobi coordinate system,
still in configuration space. Graphically, this change of basis transformation is simply a
rotation of the coordinate axes in configuration space.

Starting with the two-particle system we derive the Hamiltonians in both bases and



present a variable change that creates analogous, unitless Hamiltonians. In the three- and
four-particle systems we continue the derivation and present the Jacobi transformations for

those systems.

III. TWO-PARTICLE INTERACTION IN A ONE-DIMENSIONAL TRAP

A. Hamiltonian in the Two-Dimensional Particle Basis

For two identical particles in a one-dimensional harmonic trap, the non-interacting Hamil-

tonian Hj is given by

1 1

1 1
Hy= —p2 4+ —p2 + —kdi® + —kGy? 1
0 2mP1 +2mp2 +QQ1 +QCI2, (1)

and the two-particle contact interaction potential V' is given by

V=90 —q)), (2)

where p; and ¢; are the momentum and position of particle ¢, and ¢ is a constant determined
by the interaction strength.
In order to define unitless analogs to Hy and V' we define a new quantity o, a fundamental

length scale, as

h
o= —,
mw

where w = y/k/m. Using o we can define unitless analogs to ¢; and p;:

qi Di
i = -, P = . 3
= Pi=z T (3)

Substituting these values into Equations 1 and 2 yields
1
Hy = Shw (p +p3+ 47 +¢3) , and

V=g0(oq —oq)) = g (0 (1 = g2)).



We can finally define a unitless total Hamiltonian as

Hy+V
g = hw
1
= 5(P%+p§+Q%+C];)+7(5(C]1—Q2)),

where v = g/ (hwo) .

B. Hamiltonian in the Two-Dimensional Jacobi Basis

The particle space coordinates can be transformed into Jacobi space coordinates by the

rotation matrix

I
V2 oV2

which rotates the coordinate axes by —7 radians as shown in Figure 1. When J; acts on

the (q1, q2)T position vector , we define a Jacobi coordinate basis in configuration space.

J q1 B \/Lg(h - \%QQ o T
) = =
a2 \%Ch + \%QQ T

That is, Jog = r. Similarly, for the momentum coordinate in particle space we can define
a coordinate in Jacobi space using the same transformation, i.e. Jop = k. Thus, in Jacobi
space, the total, unitless Hamiltonian is

H, =

(k2 + K+ 3+ 13) 4+ (0. (v2r) )

(kT + k3417 +13) + (6 (r1)).
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FIG. 1: This figure demonstrates that the transformation to Jacobi coordinates can be represented
as a rotation in configuration space. The ry direction bisects the angle bounded by the all-positive
q1-g2 quadrant.

IV. THREE-PARTICLE INTERACTION IN A ONE-DIMENSIONAL TRAP
A. Hamiltonian in the Three-Dimensional Particle Basis

A similar derivation exists for the three-particle case. In Jacobi space, the non-interacting

Hamiltonian Hj is given by

1 1
Hy = o (p1* + P2+ p5%) + §k? (@ + @+ ¢5°)

and the three-particle contact interaction V' is given by
V=g((q1—q)+6(q—qg)+6(¢—q1))-

Using the definitions assigned in Equation 3, we can, once again, find unitless analogs to

Hy and V, now in three dimensions. Here,

1
Hy = Shw (Pi+p3+ps+ai+a+a)

— %h}w (P> +4q*), and

V:

SRS

(0(qr—q2) +0(q2—aq3) +9 (a5 —q1))

where we've defined p = (pl,pg,pg)T and g = (q1, g2, qg,)T for the three-particle case.
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FIG. 2: This figure demonstrates that the transformation to Jacobi coordinates can be represented
as a rotation in configuration space. The r3 direction points into the middle of the solid angle
bounded by the all-positive q1-¢g2-g3 octant.

We can now define the unitless total Hamiltonian in three-dimensions as

1
= 5@ +d)

+7 (0 (1 — q2) +6 (g2 — q3) +6 (g3 — q1)) -

B. Hamiltonian in Three-Dimensional Jacobi Space

The particle space coordinates can be transformed into Jacobi space coordinates by the

rotation matrix

1 _1 9
Vi V2

Jo= | L L _\/E
Ve V6 5 [
U
Vi V3 V3

which rotates the coordinate axes by —7 radians in the azimuthal direction and then by 7
radians in the polar direction as shown in Figure 2.

Similar to the transformation in 2-dimensions, J3q = r and Jsp = k. Thus, in three-



dimensional Jacobi space, the total, unitless Hamiltonian is

Hy = 5 (K +17)

d (\/§T1> +9 (—%rl + \/%7”2)
1 3
+0 <—E7’1 - \/;m)] :

where k = (k1, ko, k3) " and 7 = (r1,79,73)" in three dimensions.

+

V. FOUR-PARTICLE INTERACTION IN A ONE-DIMENSIONAL TRAP
A. Hamiltonian in Four-Dimensional Particle Space

Finally, a similar derivation exists for the four-particle case. In particle space, the non-
interacting Hamiltonian Hj is given by
1, N - -
Hy = Y, (]912 +p2” + ps’ +p42)
m
. - . .
+5k (@°+ @+ @+ d)

1 ~2 1 =2
= —P -k 4
5P+ 5k (4)

and the four-particle contact interaction V' is given by
4 4
veo(L3-0), ®
i=1 j>i

where the summation in Equation 5 simply loops over all possible two-particle interactions.
Using the definitions assigned in Equation 3, we can, once again, find unitless analogs to

Hy and V, now in four dimensions. Here,

Hy = %hw (P*+ Q%) , and



V=§<ZZ5(Q¢—%)>,

i=1 j>i

where we define P = (pl,pg,pg,p4)T and Q = (q1, ¢2, g3, q4)T in the four-particle case.

We can now define the unitless total Hamiltonian in four-dimensions as

Hy+V
Hy = Ohw
] 44
— §(P2+Q2)+7<ZZ5(qi—qj)>.
=1 j>i

B. Hamiltonian in Four-Dimensional Jacobi Space

The Jacobi space coordinates can be transformed into Jacobi space coordinates by the

rotation matrix

Similar to the transformation in 2- and 3-dimensions, J,Q = R and J,P = K. Thus, in

four-dimensional Jacobi space, the total, unitless Hamiltonian is

where K = (ky, ko, ks, k:4)T and R = (rq,rs, r3,r4)T in four dimensions.



In the form for H, in Equation 6 we see that the Hamiltonian of four equal-mass har-
monic oscillators in one dimension is isomorphic to one isotropic harmonic oscillator in four
dimensions [1]. We can also say analogous statements for the two-, three-, and N- particle

cases.

VI. SEPARABILITY

There are two important things to notice about the r4, center of mass, coordinate. First,
r4 is not present in the contact potential component (V') of Equation 6. Second, the ry
coordinate separates from 7 in the trap potential component of Equation 6. This is called
separability and is the motivation for the transformation from particle space to Jacobi space.

This separability allows us to express the energy eigenstates “as an unentangled product
of center-of-mass and relative wave functions” [1]. The Hamiltonian H, can be written as a
sum of the center of mass Hamiltonian H,, and the relative Hamiltonian H,.. That is,

Hy = - (K*+ R?*) + V(r)

(K> + K +7r*+7r]) +V(r)

RN RN

1
= - (ki +7)) + 3 (K> +7°) +V(r)

(\]

- Hr4 + H’I‘7

where we've defined H,, = 1 (k?+73}) and H, = 3 (k> +7?) + V(r). In assuming that
an eigenstate ¥(R) can be written in the form ¢¥(R) = v, (r4)»(r)), we can write the

Schrodinger equation (cf. Equation 8 in Section VII) as

(Hpy + Hy) Yy (1a)n(r) = E by, (14)n(7)
H,, (Vr,(re)) | Hy (Yr(r)) E.

= + =

¢T4 (T4) ¢1‘ (T)

Written in such a way, we see that under the Jacobi transformation the energy eigenstates

can be written as an unentangled product of center-of-mass and relative wave functions.



VII. STATIONARY STATES

For one particle in a one-dimensional harmonic trap, the dynamic equation is given by

o
h— = H1). 7
Y = Fry (7
Our goal is to find the system’s stationary states, i.e. our goal is to find the wavefunctions
in which |4 (z,t)]* = |¢(z,0)]?. This is equivalent to finding the eigenfunctions of the

Hamiltonian operator

Hi (2,t) = E 4 (1) . (8)

By finding these stationary states we discover a basis that can be used to describe the non-
stationary states. In one dimension with only one particle, this discovery is trivial. There
is only one way to distribute any given energy among one particle in one dimension, so the
solution of Equation 7 is trivially ¢ (z,t) = e~ Hat/M)) (z,0).

In four particles in one dimension, finding the stationary states proves more useful. By
exploiting the symmetries of the four particles, we will be able to easily calculate the eigen-
functions of the trap Hamiltonian. The stationary states of the trap Hamiltonian form a basis
for all square-integrable function on configuration space and we can use these eigenfunctions

to approximate the eigenfunctions of the total (i.e., trap and interaction) Hamiltonian.

VIII. SYMMETRIC GROUP OF FOUR PARTICLES

A group is a collection of transformations of a given point set, which (1) contains the
identity transformation; (2) for every transformation M, also contains its inverse M ~!; and
(3) includes the composition of all member transformations [13]. One type of group is the
symmetric group of four elements Sy (not to be confused with the Sy rotation-reflection
class), which is the group of all permutations on four symbols. With four identical particles
in our system there are 4! = 24 possible permutations.

Within the symmetric group of four elements there are five types (or classes) of per-
mutations. Each permutation in a given class is of the same type of particle exchange. A
permutation in which no particles are exchanged is in the identity class E; a permutation

in which three particles are exchanged is in class C5; a permutation in which there are two,
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two-particle switches is in class Cs; a permutation in which there is one, two-particle switch
is in class o4; and a permutation in which all four particles are exchanged is in class Sy.

This class structure is further explained in Section VIII B.

A. Configuration Space Representation in the Particle Basis

One representation of the T}; group can be found in the particle basis of the four particles.
We can build 24, 4x4 matrices to represent the permutations of the group. Defining the

Tow vectors

q1 = (1707070)7 qz2 = (071707())7
qs = (0707 17())7 and q4 = (070707 1)7 (9>

we are able to represent each permutation of the four particles as a matrix. The matrix

& 1000
e | 0100
| o010
s 0001

for example, represents the identity (the permutation in which no particles are exchanged).

The matrix

a2 0100
a| [1000
| |o0001
gs 0010

on the other hand, represents the permutation in which particles 1 and 2 are exchanged
and particles 3 and 4 are exchanged. The 24 matrices of this form form a representation of
the Ty group in particle space. In this representation, each matrix is a representation of a
configuration in particle space and will be denoted M. The operator corresponding to the
element M in the T, group is denoted DY(M;). The operator group in configuration space

is denoted D?(T,) and is a representation of the group.
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B. Configuration Space Representation in the Jacobi Cartesian Basis

In the orthonormal Jacobi space (i.e., in the vector space in which 7, o, r3, and 74 are
orthonormal basis vectors) we can plot the particle space coordinate vectors. Taking any
vector in particle space and left-multiplying it by J, yields the particle space coordinate in

terms of the Jacobi space coordinates. For example,

1 1 1
Ji-q = — — i -
4°q1 \/§’I‘1 + \/6’1"2 + 2\/57'3 + 2'1"4

where ¢/ = (1,0,0, 0)T is defined in Equation 9. The conversion is similar for the other
particle coordinate vectors.

We truncate the four-dimensional g1 ', g2', g3', and q4' vectors to three dimensions
and plot these vectors in the three-dimensional Jacobi space (i.e., the r1, 79, r3 orthonormal
basis). Truncating the particle space coordinates, equivalent to ignoring the 4 coordinate, is
justified in Section VI and will be further explained below. A plot of the particle coordinates

in the Jacobi basis is shown in Figure 3.

3
rl

FIG. 3: This figure shows the particle coordinate vectors plotted in the three-dimensional Jacobi
space. The fourth dimension is truncated from the particle coordinate vectors and the r4 coordinate
is ignored entirely. The particle coordinate vectors form the vertices of a regular tetrahedron. The

q1, g2, and g3 vectors are vertically rotated by arccos (%) radians (= 19.5 degrees) above the

r1-T9 plane and the angle between any two ¢; vectors is arccos (—%) radians (= 109.5 degrees).

12



In Figure 3, the ¢; particle coordinate vectors form the vertices of a regular tetrahedron in
three dimensions. Under the J; Jacobi transformation truncated to three dimensions, the Sy
symmetric group is arranged as the tetrahedral T group. In Jacobi space, any permutation
that brings the tetrahedron into coincidence with itself is a symmetry element of the T
group.

One possible permutation is the one in which particles 1 and 2 are exchanged and particles
3 and 4 are exchanged (denoted by P2143). This is a rotation of 7 about the vector

T . . . .
(0, V2, 1) in three dimensions and can be represented by the matrix transformation

0100 -10 00

1000 | _, 0 I 2290
J4 J4:

0001 0 22 1y

0010 0 0 0 1

This is one of the three, two-fold rotations that make up the C5 class in the T, group.

The 24 elements of the T,; group are categorized in 5 classes: the identity E; eight, three-
fold rotations C'; three, two-fold rotations Cy; six mirror reflections o,4; and six, four-fold
rotation-reflections Sy [13]. The permutations are characterized by class in Table 1. See

Appendix A for a table of the 24 permutation matrices written in the Jacobi basis.

E(l) 03(8) 02(3) Ud(6) 54(6)
P1234|P1342|P2143|P1243| P2341
P1423|P3412|P1324|P2413
P2314|P4321|P1432|P3142

P2431 P2134|P3421
P3124 P3214|P4123
P3241 P4231|P4312
P4132
P4213

TABLE I: This table characterizes each permutation as an element in one of the five classes of the
Ty group. The notation “P2431” indicates that particle 2 is in the original position of particle 1,
particle 4 is in the original position of particle 2, particle 3 is in its original position, and particle
1 is in the original position of particle 4.

The 24 matrices of this form form a representation of the T, group in Jacobi space. In this

representation, each matrix is a representation of a configuration in Jacobi space and will

13



be denoted M. The operator corresponding to the element M in the T}; group is denoted
D"(M;). The operator group in Jacobi space is denoted D"(Ty) and is a representation of
the group. Further, the DY(T,;) and D"(T,) representations are equivalent representations,

as they have the same structure and differ only by choice of basis [13].

C. Hilbert Space Representation in the Jacobi Cartesian Trap Eigenbasis

The first two representations (especially the first) are somewhat trivial. The represen-
tation in particle space D9(T}) is straightforward, and the representation in Jacobi space
Dr(T,) is simply a change of basis from the first. In order to construct additional represen-
tations we now move from configuration space to the infinite-dimensional Hilbert space—the
space of all square-integrable functions. We can take an already-existing transformation and
associate with it a linear operator that can act on functions.

Still ignoring the r4 coordinate, in the following representations the functions onto which
our operators will act will be the harmonic oscillator wavefunctions of three relative particle
coordinates in one dimension W s (r1,7r2,73). We first define the harmonic oscillator
wavefunction of one particle in one dimension as

o—1/4

() — () 62
Q/}ni ( 2) \/W (an ( Z)) ) (10)

where (H,y, (r;)) is the nj-th order Hermite polynomial and 7/ is the energy level of the i-th
relative coordinate.

In order to expand our definition to three relative particle coordinates in one dimension we
simply multiply three of the wavefunctions defined in Equation 10. Thus, our three-particle

wavefunction W, . (71,72,73) is defined as

Wttty (11,72, 73) = Uy (11) Uy (r2) Yy, (73) - (11)

Further, in this representation our linear operators will be the permutation matrices in
Jacobi space (M, or equivalently, J,M?.J; ") discussed in Section VIIIB.
Having M} act on W s s (71,72, 73) is equivalent to

\Ilnlhn/zvné (MZ‘ : (T17T27 7"3)) — \I[n/l’né,né (MZT . rr)

14



and yields the function

Wt oty (M] - 7)
= [ty ([M7 - 7])) ug, ([M] - 7],)

Yy, (M- "“]3)} , (12)
where [M] - 7|, is the first element of the (M] - r) vector, [M] - 7], is the second element,
ete.

We are now ready to calculate the wavefunction defined in Equation 12. We begin by cal-
culating the wavefunctions for the unpermuted particles for all possible energy distributions.
For total energy N = n) + nf, + n the degeneracy dy (the number of ways to distribute N

units of energy among the three relative particle coordinates) is given by

(N +2)
N = 5 .

For example, with two units of energy (N = 2) there are 6 ways to distribute the energy
among 1y, ry, and rg; for N = 3 there are 10 ways; etc. A table of possible distributions
for N = 2 is shown in Table II. In our solution for this representation we calculated

wavefunctions for all distributions through N = 3.

N =2 ‘State 1‘State Q‘State B‘State 4‘State 5‘State 6
(ny, nh, n4)[ (0,0,2) | (0,1,1) ] (0,2,0) | (1,0,1) | (1,1,0)] (2,0,0)

TABLE II: This table shows all possible distributions of two units of total energy among ry, ro,
and r3. Each column is a possible distribution state. n, = 0 indicates that the i-th coordinate is
in the ground state, n, = 1 indicates that the i-th coordinate is in the first excited state, etc.

Next, we calculated the wavefunctions of each energy distribution in each of the 24 possi-
ble permutations. That is, we calculated W, s (M] - r) with all possible M permutation
matrices. If the Hamiltonian H,, is invariant under a symmetry transformation M, then
we should be able to use the unpermuted wavefunctions of a given total energy to build a
basis with which to write each of the permuted wavefunctions of that total energy [13]. This
is equivalent to saying that when the M operators act on a permuted wavefunction of a

certain energy, the unpermuted wavefunctions of that energy simply “mix” together.

For example, in the N = 2 family we have six unpermuted wavefunctions that are used

15



as a basis. We can pick any permuted wavefunction of any N = 2 energy distribution and
write it as a linear combination of the six unpermuted N = 2 wavefunctions.

Carrying out this procedure for all operators M; in the T; symmetry group we obtain
representations for the N = 0 state, the N = 1 states, the NV = 2 states, etc., which together
form a representation for the entire group. This Jacobi space representation in a function

space basis will be denoted D7 (Ty).

IX. TRANSITION COEFFICIENTS BETWEEN DIFFERENT EIGENBASES OF
FUNCTIONS ON CONFIGURATION SPACE

For the four representations that have been constructed thus far we need a method
for transforming between different eigenbases of functions on configuration space.
Wt ity iy (R) represents functions with a well defined center-of-mass Jacobi cartesian mode
excitation, whereas W, s v s (J4_ 1. R) represents functions with a well defined particle
excitation. In this section we derive the transformation matrices to transform one basis to
another.

This derivation follows the general procedure just described in Section VIIIC. In this
transformation, however, we calculate the wavefunctions untransformed by any operator and
use them as a basis to write the wavefunctions transformed by the .J; ' operator.

First, we calculate the wavefunctions of the form

\Ijn’l,né,né,ni (R)
=Vt (11) Uy (12) Uy (r3) Yy, (1)

for all possible energy distributions. For total energy N = n 4+ n}, + nf; + n/, the degeneracy

dy, now for four relative particle coordinates, is given by
(N + 1)(N +2)(N +3)

dy = 5 .

For example, with two units of energy (N = 2) there are now 10 ways to distribute the
energy among 7, 7o, 13, and r4; for N = 3 there are 20 ways; etc. In our solution for the

transition coefficients we calculated wavefunctions for all distributions through N = 4.

16



Next we calculated the wavefunctions transformed by the J; ' operator. The wavefunc-

tions took the form

Vot ity (Ji' - R)
= [vw; ([7" R],) vuy ([Ji" - R],)
Yuy ([T R]y) ¢, ([ R,

where, as before, [le . R} is the first element of the (le : R) vector, [J4_1 -R] is the

1 2

second element, etc.

If the non-interacting Hamiltonian Hy is invariant under the J; ' transformation, then we
should, once again, be able to use the untransformed wavefunctions of a given total energy
to build a basis with which to write each of the transformed wavefunctions of that total
energy [13].

Under the J; ' operator we find that we obtain representations for the N = 0 state, the
N = 1 states, the N = 2 states, etc., which together form a representation for the entire

group, which will be denoted D/ (Ty).

X. IRREDUCIBLE REPRESENTATIONS: SYSTEMS OF TWO PARTICLES

To construct irreducible representations in our four-particle system we begin by presenting
the method in the two-particle case. The two-particle method generalizes to systems of any
number of particles.

In our two-particle system, our unitless trap Hamiltonian operator is given by
0? o?

—+q%+q§),

[
(&1% dq3

and acts on the two-particle wavefunction

\Ilnl,nz (qh q2) = ¢n1 ((h) an <QQ)

where 1,,, (¢;) is defined as in Equation 10.
In this system there are four types of symmetries, and thus four group elements associated

with this Hamiltonian: the identity E, the parity transformation 7, the reflection o, and the

17



parity-reflection transformation wo. We can take these transformations and associate with
them linear operators U that can act on functions. For n; = no, the effects of these operators
leaves each of the wavefunctions unchanged, and for n; # ns, using the property of Hermite
polynomials in which H,,(—¢;) = (—1)"H,,(¢;), the effects of each of these operators are
outlined below.

U(E)\Ifnth (Q17 Q2) = ni,n2 (Cha QQ)

1\
U(m)Wnins (01, 62) = Wiy (—1, —G2)
= (=1)™ W0 0, (01, 32)
U(U)qjm,nz (@1, 42) = Vi, (G2, 01) (13)

\
- \I/ng,nl <917 Q2)
) v

U(ﬂ'(j)anl,?m (Q17 QZ> = ni,n2 <_QQ7 _Q1)

= (_1)n1+n2\yn2,n1 (Q1a q2)

That is, the identity operator leaves the particle coordinates unchanged, the parity operator
reverses the sign of each of the particle coordinates (¢ — —¢; and ga — —gs), the reflection
operator switches the particle coordinates (¢; <+ g2), and the parity-reflection operator both
reverses the signs of and switches the particle coordinates (¢ — —¢2 and g — —¢q1).

We can represent each of these transformations as matrices by defining ¥y, ., (¢1,¢2) —

(1,0)" and W, ., (q1,¢2) = (0,1)". Using these definitions,

10 (—1)matnz 0
E— , T —

01 0 (—1)matne

01 0 (—1)rmatnz
o— , and mo —

10 (—1)rmatnz 0

The collection of these four matrices is a reducible representation of the group.
In order to break this representation into irreducible representations, we next find any

eigenvectors common to all four of these matrices. For both the e and 7 matrices, all vectors

18



are eigenvectors, and both ¢ and 7o share the eigenvectors

L L

v2 | and V2

1 1|7

V2 V2
which will be denoted W} and W, . respectively.

Now, in a method identical to the one shown in Equation 13, we compute the effect of
each of the operators on our new eigenvectors. The effects of each of these operators on the

two eigenvectors are outlined below.

> + +
U<E) \Pnl ,n2 = \Pnl ;N2
o 1 N N
U<7T)\I]rizl,n2 = E (U(ﬂ-)‘l]m,m + U(W>\Iln2,n1>
- (_1)n1+n2\1j7j1:1,n2
~ 1 ~ ~
00y = 75 (0000 Prims £ 0 (o)W )
= £V,
~ 1 ~ ~
U(7m)\lf7f17n2 = E (U(Wa)lllnlm + U(mf)\lfm,m>

= E(-1)"t

ni,n2

We thus have four different types of functions: the W functions in which n,+ns is even

(the A; representation), the W functions in which n; +n; is even (the A, representation),

ny.mp functions

the W functions in which n; +ns is odd (the B representation), and the ¥
in which n; + ny is odd (the By representation). Additionally, the wavefunctions for which
n1 = ny fall into the A; representation.

+
For example, for Wy,

U(E)\IJT,O = \Ijir,m U(W)\IJT,O = _\I’fm
U(U)\I/f() = \I/io, and U(WJ)\ITO = _\Pim

and thus WY is in the B; representation.
Table III is a character table for the symmetric group of two symbols. The entries in the
table are the characters x (R) (in this case, the 1 x 1 matrices) of group element R in

irreducible representation p for the symmetric group of two elements Ss.
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Cou|E(1) (1) o(1) mo(1)

A 11 1 1 [Top, Wrp, Uy, Uy, Uiy, UG,
A 11 a1 U, B, W,

Bl 1 -1 1 -1 |, v,

By 1 -1 -1 1 |wg,, o5,

TABLE III: This is the character table for the Ca, group [13]. The entries in the table are the
characters x(*) (R) (in this case, the 1 x 1 matrices) of group element R in irreducible representation
w. In the rightmost column we list the first few wavefunctions in each representation.

On|E(1) C5(8) Ca(3) 0a(6) 5a(6)
Al 1 1 1 1
Aol 1 1 1 -1 -1
E| 2 -1 2 0 0
Bl 3 o0 -1 1 -1
Fi| 3 0 -1 -1 1

TABLE IV: This is the character table for the Oy group [13]. The entries in the table are the
characters y (") (R) of a group element R in irreducible representation .

XI. PROJECTION ONTO IRREDUCIBLE REPRESENTATIONS

The following projection operator formula encompasses the procedure just outlined in

Section X. The projection P of a state onto representation u is given by

M
g

Pl — Z (X(u) (R) MR) 7 (14)

R

where n,, is the dimension of the representation, g is the number of elements in the group,
y ) (R) is the character of a group element R in representation p, and Mg is the matrix
operator for group element R [13].

The character " (R) of a group element R is simply the trace of a class’s permutation
matrix in irreducible representation p (Table IV). The character is independent of choice of
basis [13]. The dimension of the irreducible representation n,, is the character of the identity
element in representation p.

In the four-particle case, g = 24, and the summation sums over all 24 of the permutation
matrices (truncated to three dimensions) in the Jacobi basis representation.

We can project any wavefunction onto any representation. For example, the projections
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of

2

ez (-ri-ri-r3) (—1+2r})
13/4 V2

onto the five representations are shown in Equation 15.

‘112,0,0 (7’1,7"277’3) =

ex(-rtr3-r8) 3 202 23 1 22
DU r3/4 3\/§
P y00 = 0
er (i) 42 12— 2/,
DU 3/4 3\/5
e2rtri) 302 — 13+ 2v/2ryry — 20
B0 7T3/4 3\/§

sy

If we convert our wavefunctions back to particle coordinates, we find that all projections
onto the A; representation are symmetric under all two-particle exchanges, and all pro-
jections on the the A, representation are antisymmetric under all two-particle exchanges.
Thus, the A; representation is comprised of all-boson systems, and the A, representation
is comprised of all-fermion systems. The E, Fy, and F) representations contain mixtures
of distinguishable and indistinguishable particles. Since only the A; and A, representations
are comprised of indistinguishable particles, we focus only on these two representations for
the remainder of this paper. The method, however, generalizes to any representation.

Additionally, there are no non-zero A, projections for N < 6, as N = 6 is the smallest
non-negative integer that can be written as a sum of four distinct non-negative integers.
This is expected, since the A, representation is the all-fermion representation, for which no

two particles in the four-particle system can have the same excitation.

A. Normalized Projection, Method I

The projected wavefunctions will, in general, not be normalized. To normalize a projected

wavefunction we find the normalization constant A such that

(e olNe olNe o)

/ / / (AW )™ (A (PP W) dry dra drg = 1. (16)

—00 —00 —0O0
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Since all of our irreducible representations are real (or can be brought to real form) [13],

Equation 16 simplifies to

/ / / n/ 7712,713 P )\Ijn’ nh,nk ) drl dr2 d?"g - 1 (17)

—00 —00 —O0

where we've both removed the complex conjugate and factored A% from the integral. In
Equation 17’s simplified form, evaluating this integral using Mathematica’s Integrate func-
tion is much more computationally efficient. For the N = 4 projections, for example, finding
the normalization constants via Equation 16 took about 50 minutes, and via Equation 17
took only 30 seconds.

Thus, for non-zero projections,

1
A= , (18)

f f f \Ijn’l,n'g,né (P(“)\Ifnfl ,ng,ng) dry drg drs

—00 —00 —O0

and our now-normalized, projected wavefunctions (ﬁ’(“)\llnfl 7n’2,n’3> are given by

(P ) = A (PP )

with A given by Equation 18.

The normalized Wy (r1, 72, 73) projections are thus

2(-r2-r—r2) 2 2 2
~ 2\TT2TI ) 3 4 2 4 2r5 4 2r
PlADy — 3 € 1 2 3

200 = V3 7 3v2

p(AQ)\IIQOO - O
2_..2

1
PE ~ G 65(77"17%77%) r? —ri— 2v/ 21915
200 = NG

2

5 e (i) 302 42 4 9 Iryry — 202
g} 7T3/4 3\/§
PUNy00 = 0.
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B. Normalized Projection, Method II

We now propose an alternate, more computationally efficient method for finding the
normalized, projected wavefunctions. Instead of using Mathematica’s Integrate function,
we use the PolynomialReduce, Eigensystem, and Orthogonalize functions.

We begin by calculating all of the wavefunctions of total energy N via Equation 11.
To calculate these wavefunctions’ normalized projections onto representation u, we first
calculate the unnormalized projections via Equation 14.

Next, we build the matrix representation of the projected wavefunctions of total energy
N onto representation . Using PolynomialReduce we write the projected wavefunctions
PW y in terms of the unprojected wavefunctions of the same energy Uy .

For example, for N = 3 and p = A;, we write each of the PUIWy_4’s as a linear

combination of the 10 Wy_3’s. For example,

2 1 V2
PG5 = 5‘110,0,3 +0Wg12 — 3—\/5\110,2,1 + ?\I’o,&o + 002

2

1 3
+O0Wy 11+ 0V 00 — ﬁq’zog — T‘I’zg,o +0Ws30,0.

The coefficients on each of these 10 terms form the first row of the matrix. The second row
of the matrix is formed by the coefficients on the ¥y_3’s for P(Al)\l/(),l,g, the third row is
formed by the coefficients on the W y_3’s for P(Al)\lfo,m, ete.

Next, using Eigensystem, we find the eigenvalues and eigenvectors of the coefficient
matrix. Using only the eigenvectors with an eigenvalue of 1 (i.e., vectors unchanged by the
projection operator), we build an orthonormal basis via the Orthogonalize function. To
convert our basis vectors to basis functions, we simply take the dot product of each basis
vector with the vector with elements given by the Wy’s. The resulting basis function is the
normalized projection of all of the nonzero P .

In the N =3, u = A; example we find the single basis vector

<_

[

0 000

1 1 T
3 730)'

Sl

L1
V6
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N=0 N=1 N=2 N=3 N=4 N=5 N=6 N=T7
Al 1 0 1 1 2 1 3 2
Ayl 0 0 0 0 0 0 1 0
E 0 0 1 0 2 1 3 2
0 1 1 2 2 4 4 6
0 0 0 1 1 2 2 4

TABLE V: This table shows how many copies of each representation exist for each energy level.
The A; and As representations are one-dimensional, the E representation is two-dimensional, and
the Fy and F) representations are three-dimensional. To calculate the number of basis functions
for a given entry, simply multiply the entry by the dimension of the representation. For example,
for N =5 and p = F» (a three-dimensional representation) there are 4 x 3 = 12 basis functions.

Taking the dot product of this basis vector with

-
(Wons orz Yoo1 Yoso Proz Yiia Vizo Paor Varo Vano )
yields the basis function

o3 (—ri-r3—r3) (67“%7“2 +V2r3 (3rF — 2r2) — 2} + 3\/§T%T3)
3/4 3v/3 ’

which is the normalized, projected wavefunction for all nonzero, N = 3 projections in the
A; representation.

For many N-p combinations there may be multiple basis functions, in which case the
projected wavefunctions are simply a linear combination of the common, orthogonal wave-
functions. In the N = 4 projection onto the A; representation, for example, all of the
projected wavefunctions are some linear combination of two orthogonal wavefunctions.

In our solution, we computed the basis vectors through N = 7. In Table V we list how
many copies of each representation exist for energy levels N = 0 through N = 7, and in
Appendix B we note the representations and energy levels for which a projected wavefunction

1S nonzero.

XII. PARTICLE CLUSTERING

In the orthonormal Jacobi space basis we can find locations describing two separate two-

particle clusters (“2-2 clusters”) (in one dimension in Figure 4) and the locations describing
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a three particle cluster with one particle on its own (“3-1 clusters”) (in one dimension in

Figure 5).

— = :
a4

FIG. 4: This figure shows an example of a 2-2 particle cluster in which particles ¢; and ¢4 are in

I ™) f ‘
qJU

one cluster and particles g2 and q3 are in another cluster.

o
— q36—|—|—¢—q+@—<

FIG. 5: This figure shows an example of a 3-1 particle cluster in which particles ¢1, g2, and g3 are
in one cluster and particle g4 is on its own.

In the orthonormal Jacobi space basis, a plane spanned by any two of the particle-
coordinate vectors is a region in which the other two particles are clustered together. For
example, the plane spanning the ¢;—¢» vectors is a region in which particles g3 and ¢4 are in
the same location (Figure 6). There are six planes of this type — one for each two-particle

pair. The six planes are shown in Figure 7.

FIG. 6: This figure shows the plane in which particles g3 and ¢4 are in the same location. This
plane spans the ¢; and g2 vectors, bisecting the angle between particles g3 and q4. There are 6
planes of this type.

25



FIG. 7: This figure shows all two-particle clustering planes. Where two planes intersect in a line
there is a 2-2 particle clustering, and where three planes intersect in a line there is a 3-1 particle
clustering.

Locations in which two planes intersect in a line are 2-2 particle clusterings, and locations
in which three planes intersect in a line are 3-1 particle clusterings. The clustering lines are
shown in Figure 8.

We can also describe 1-2-1 particle clusterings (i.e., configurations in which one particle
is to the left of a 2-particle cluster and another particle is equidistant to the right of the
2-particle cluster). Not shown in Figure 8, each of the 1-2—1 clustering lines is perpendicular

to one of the planes in Figure 7.

XIII. PROJECTIONS AND PARTICLE CLUSTERING

By overlaying the clustering lines (from Figure 8) with the projected wavefunctions, we
notice some interesting results. We first convert our projected wavefunctions to spherical
coordinates (r; — psin(f) cos(¢), ro — psin(f)sin(¢), and r3 — pcos(f)) and plot the
projected wavefunction at a specified value of p, effectively plotting only the angular portion
of the wavefunction.

In Figure 9 we plot the all-boson P(Al)\ll47070 wavefunction. For this state, there are pri-

mary maxima at 2-2 clustering lines and secondary maxima at 3-1 clustering lines. This
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So 13

FIG. 8: This figure shows all 2-2 and 3-1 clustering lines. The four, 3-1 clustering lines (in red)
run along the particle coordinate axes, and the three, 2-2 clustering lines (in blue) bisect the angle
between each pair of particle coordinate axes.

preference to clustering is consistent with all wavefunctions in the A; representation. Addi-
tionally, one indication that there are multiple copies of the A; representation for N =4 is

that the relative size of the angular nodes is dependent on our defined value of p.

FIG. 9: This figure shows the same clustering lines as in Figure 8, overlaid with the projection of
Uy 0,0 onto the A; representation. Note the primary maxima at 2-2 clustering lines and secondary
maxima at 3-1 clustering lines for this state.
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In Figure 10 we plot the all-fermion P(AQ)\II;),,O,?, wavefunction. For this state, there is 0
probability that the particles will cluster in any of the possible formations (i.e., 2-2 cluster-
ings, 3-1 clusterings, and 1-2-1 clusterings). This behavior is consistent with all wavefunc-

tions in the A, representation.

FIG. 10: This figure shows the same clustering lines as in Figure 8, overlaid with the projection of
U303 onto the Ay representation. Note the 0 probability that the all-fermion state will cluster in
any of the possible formations (i.e., 2-2 clusterings, 3-1 clusterings, and 1-2-1 clusterings).

XIV. CONCLUDING REMARKS

The method we’ve proposed generalizes nicely to N particles in d dimensions. Using the
Jacobi transformation to move from particle coordinates to relative coordinates as described
in Section V, we can effectively reduce our problem from one of (N*d) generalized coordinates
to (N xd) — 1. Extensions to (N *d) > 5 “require using the less-familiar point groups in
higher dimensions, which have been classified by Coxeter and others” [1]. For (N*d) > 5 the
problem increases in difficulty, but is still solvable via our method, nonetheless. Additionally,
our method for finding the normalized projections described in Section XI B will be of great
value for large (N *d). Even in our computation of (N *d) = 4, this alternate method proves
to be more efficient than the standard normalization procedure by evaluation of the three,
infinite integrals. Finally, our method for classifying particle clustering described in Section

XITI and implemented in Section XIII will be of great use in systems of interacting particles.
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Appendix A: Permutation Matrices in the Jacobi Cartesian Basis

In this appendix we list, in the Jacobi basis, the 24 possible permutation matrices. The

notation used here is equivalent to the that used in Table I.

1. E(1)
1000
0100
P1234 =
0010
0001
2. C3(8)
3% 000 2 as Vi 0 2 00
1 _1 22 0 V3 1 _ 2 0 _V3 _1 00
P1342= | 2v3 ¢ 3  Pl423=| * ¢ 3 , P2314 = 22 :
2 2 1 0 22 1o 0 0 10
0 0 o0 1 0 0 0 1 0 0 01
V3 V3
4 sk i o 3 —f 0 boF 0o
_1 5 V2 V3 1 g9 1 1 2v2
P23l =| 23 ¢ 8 ,p3124=| * 2  P32d1=| 3 & 3 ,
2 V2 1 2 V2 1
*\/; -5 —3 0 00 10 *\/; 5 35 0
0o 0 0 1 0 0 01 0o 0 o0 1
1 1 2 1 1 2
2 ~3,54 V30 2 "3 Vs !
15 V2 _¥3 _1 V2
P32 =| 23 6 8 , P4213 = 2 6 8
2 V2 1 2v2
3 -5 —3 0 0 2 -3 0
0 0 0 1 0 0 0 1
3. (2(3)
-1 0 0 0 0 -7 /30
0 1 2v2 0 _1 2 _2 0
P2143 = B3 , P3412 = Vs o338 ,
0 22 50 Vi % 5o
0 0 o0 1 0o 0 o0 1
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Appendix B: Nonzero Projections of U, .,/ .\ (ri,m2,73)

In this appendix we indicate the representations onto which the projections of W, nr n:
are nonzero. A v'indicates that there exists at least one copy of a representation for a given

wavefunction. See Table V for the number of copies of each representation for each energy.

N=0|A; Ay E F» Fy N=1|A, Ay E F, Fy N=2|A, Ay E F» Fy N=3|A; Ay E Fy I
¥o,0,0 | vV ¥0,0,1 v Yo,0,2 | v v ¥o,0,3 | vV '

¥0,1,0 v ¥o,1,1 v Vo,1,2 v

¥1,0,0 v Yo2,0 | vV v v Yo,2,1 v v v

Y101 v v Yo.3,0 | vV v v

¥1,1,0 v v Ty 0,2 v v

Y200 | V v v ¥i1,1 v v

V12,0 v v

Vs 0,1 v v v

Y210 | v v v

¥3.0,0 v v

N = Ay Ay E Fy Fy N = A1 Ay E Fy Fy N = A1 Ay E Fy Fp =T7|A1 Ay E Fy I
Yo,04 | vV v Yo,0,5 | v v Yo,0,6 | v v Yo,0,7 | vV v

¥o,1,3 v v v Vo,1,4 v v v Yo,1,5 v v v Yo.1,6 v v v

Yo2,2 | vV v v v Yo,2,3 | vV v v v Y24 | V v v v Y25 | vV v v v

Vo3 | v vV Tz | v v vV Vo33 | v v vV Vo34 | v v vV

oa0 | v v vV Voaq | v vV Voao | v v vV Va3 | v o vV

U103 v v Tos0 | v v vV Vos1 | v v v v Tosa | v v

Ty10 v Ty 0.4 oV To60 | v v v v Vo1 | v o

Ty 91 VRV Ui vV U105 v vV Wo,70 | v VR

U130 v vV U190 vV Ty v v 106 vV

Vo002 | v v vV 5, VRV, Tyo3 VRNV Ty vV

Woa | v vV U140 v vV U130 v vV oy o vV

Woo20 | vV v v v Y203 | v v v v W41 v v v v Wq33 v v v

U301 v v v Vo1 | v vV U150 v U142 v vV

U310 v vV Vo901 | v v Vo4 | v v vV 51 vV

Va00 | v v v Vos0 | v VRV, Ua13 | v v v 160 vV

30,2 VN Ta02 | v v v Taos | v VNV

U311 v v v Togq | v v v v Vo4 | v o

T390 vV Tya0 | v v v Vo3 | v v vV

V401 | v vV U303 VRV N o vV

Va1 | v vV 31,2 VA oaq | v v vV

¥5.0,0 v v W3 21 v v v v Yas5,0 | vV v v

U330 v Vv U304 v v v

Ty02 | v v v U313 v vV

Tyqq | v v v T390 o vV

Wa20 | vV v v v V33,1 v v v

¥s5.0,1 v v v v Y340 v v v

U510 v Vv v Vy03 | v v v v

V00 | v v v Ty1o | v v vV

Vyo1 | V v v v

Yy30 | vV v v v

V50,2 v v v

U511 VRV

50,0 v vV

601 | v v v v

V610 | v v vV

¥7.0,0 vy
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