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ABSTRACT

Interactions between the solar wind and the magnetosphere are
discussed relative to the following two aspects: (a) variations in
the compression of the magnetosphere responding to solar wind pressure
changes; and (b) reflection and refraction of magnetohydrodynamic
(MHD) waves at the boundary of the magnetosphere. Concerning (a),
it is found that solar wind pressure changes and magnetic field changes
at the Earth's surface are linearly correlated during msgnetically
quiet conditions in accordance with the theoretical expectations from
the pressure balance between the solar wind plasma and the Earth's
magnetic field. A constant of proportionality relating the two quan-
tities is statistically determined. The average value for tﬁe propor-
tionality constant sgrees favorably with the theoretical value given
by the Mead-Beard magnetosphere model. Magnetohydrodynamic (MHD) theory
is used to study problem (b) above, namely the trensmission of waves
from the magnetosheath plasma into the magnetosphere under normal con-
ditions of solar wind flow. Two cases teken as representative of
magnetopause conditions in the vicinity of the subsolar point and nesr
the dusk and/or dawn meridian, are considered. It is found that the
total transmitted energy constituteg only about 1 to 2 percent of the
energy flux for a distribution of isotropic incident waves. The flux
transmitted into the magnetosphere from waves having an amplitude of
1 gamma (1 gamma = 1077 gauss) is roughly of the order lO-6 to 1077

erg e secl. Assuming a steady isotropic flux of waves with ampli-

~ix=-



tudes of 1 gamma incident on a hemispherical sunward magnetospheric
boundary of radius 15 RE (earth radii), the total energy input into
the magnetosphere is estimated to be of the order of lO21 erg per
day. The wavelengths and amplitudes of the ripples induced by the
MHD waves on the boundary surface are also examined. For the ob-
served power density of MHD waves in the magnetosheath, the calcu-
lated wavelengths range from a few tenths of 1 RE to several hundred

earth radii.
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1.0 INTRODUCTION

The problem of the interaction of the solar wind with the Earth's
magnetosphere has been the object of considerable study over the last
few decades. Many geophysical processes are connected directly or in-
directly with solar phenomena, and depend on electromagnetic inter-
actions between the solar wind and the geomagnetic field. With the
advent of artificial earth satellites and space probes it became poss-
ible to carry out direct measurements in space, and a clearer picture
of the near Earth environment emerged. It was discovered that the
geomagnetic field is confined to a finite region, known as the magne-
tosphere, by the pressure of solar plasma which flows almost radially
from the Sun. The solar plasma, known as the solar wind, carries
weak magnetic fields imbedded in it, and as it interacts with the geo-
magnetic field, it causes the formation of an extremely long magnetic
tail. Due to the fact that the solar wind encounters the Earth's
magnetic field with a supersonic flow velocity, a collisionless bow
shock is set up upstream in the wind. The gross features of the bound-
ary between the magnetosphere and the interplanetary plesma can be
adequately understood on the basis of magnetohydrodynamics.

The turbulent transition region between the collisionless bow
shock and the magnetosphere boundary (magnetopause) is known as mag-
netosheath, and has been recognized as a region where complex electro-
dynamic phenomena take place. A viscous-type interaction has been pro-

posed between the solar wind plasme and the geomegnetic field to



explain the formation of the long magnetic tail. The exact nature
of this interaction is still not clear, though various hypotheses
have been advanced in the published literature. In the following
chapters we shall: (a) infer the existence of currents flowing at
the magnetopause boundary from magnetic observations at the Earth's
surface; (b) review and develop magnetohydrodynamic (MHD) rela-
tions in a form suitable for their use in the last chapter; and (c)
apply the MHD relations to the reflection and transmission of waves
at the magnetopause. Transmission of such waves has been proposed
as a means to transport energy and momentum from the solar wind into

the magnetosphere.



2.0 GEOMAGNETIC FIELD VARIATIONS CAUSED BY
SOLAR WIND PRESSURE CHANGES

2.10 Introduction

The interaction of the solar wind with the magnetosphere is a
complicated physical phenomenon. The principal effects of the inter-
action are the bow shock upstream in the wind,l and the overall con-

2=1 The

finement of the geomagnetic field in a comet-shaped region.
gross features of the interaction can be adequately understood on the
basis of m,za.gne’t:ohydrodynamics.8-ll Several models have been proposed,
treating the solar wind as a conducting, field free, zero-temperature
plasma incident upon a plasma-free dipole field.lz-lh The plasma is
assumed to be specularly reflected from the boundary surface. Protons
and electrons in the solar wind will penetrate in the boundary layer
(the magnetopause) approximately one cyclotron radius, be bent in
opposite directions by the Earth's magnetic field, and create a sur-
face current. It is this current that effectively terminates the
geomagnetic field and determines the shape and position of the sun-
ward magnetopause.

The theory predicts that the field Bb at the Earth due to the

boundary currents is related to the solar wind pressure Ps at the

stagnation point by
B, = K(Ps)% (2.10-1)

where K is a proportionality constant. In the limit of high Mach



number that applies to the solar wind, the stagnation pressure is

related to the upstream solar wind momentum flux pV2 by,15
(y+1)/(v-1)
P = (%l) (y)'Y/(V'l) ove (2.10-2)

where vy is the ratio of specific heats. Since p = n/m, equation
(2.10-1) can be written in terms of a new constant of proportion-

ality as

B, = K ny (2.10-3)

Using a spherical harmonic description of the distorted geo-
magnetic field, Meadl6 calculated Ko = 0.0305 with n in protons/

cm3, V in km/sec and the field in gamma (= 1077 gauss). An experi-

17

mental value for KO has been obtained by Siscoe et al. who related
the size of geomagnetic sudden impulses to the associated changes in
the solaer wind parameters. The result supports the general functional
relation expected from theory but the experimental value obtained for
Ko is epproximately 1/2 that predicted theoretically by Mead.16
They tentatively attribute the discrepancy to shortcomings of the
model such as the neglect of effects due to the seasonal inclination
of the dipole axis, the solar wind magnetic field and the masgneto-
spheric particle population, and conclude that these effects could,
in fact, account for a large part in the discrepancy in the determin-
ation of Ko. Beard18 indicates that the maximum seasonal effect due

to the tilting of the dipole axis should be less than 10%. In a more

recent paper, Ogilvie et al.,l9 using the plasma electrostatic analyzer

L



on Explorer 34 and magnetograms from 6 low-latitude stations, have
obtained a value for Ko which is consistent with the observations of

7

Siscoe et al.t

2.20 Observations

In the present paper the value of KO is to be determined statis-
tically by comparing solar wind data from the Vela 2A and 2B satellites
with the hourly D_ values for the period July 196k to July 1965.°C
The Dst mggnetic index is defined as the disturbance field at the geo-

magnetic equator averaged over all longitudes, after the solar quiet

21,22

daily variations, Sq, has been subtracted. The resulting distur-

bance field is interpreted as being produced by the ring-current system
in the magnetosphere and by currents flowing on the magnetosphere
boundary. The ring-current system produces a magnetic perturbation

at the Earth's surface directed so as to decrease the BEarth's internal

23-25

field, the boundary current, which is associated with changes in

the solar wind plasma pressure, enhances the Earth's field at low

-

latitudes.l6 Accordingly, periods of consistently positive Dst (25
gamma) shall be interpreted as indicative of enhanced boundary currents
corresponding to increased solar wind pressure, and periods of negative

Dst as indicative of enhenced ring-currents.

If one makes the reasonable assumption that, during those magne-

tically quiet times when the DS is consistently positive, the rate

t
of change of the ring-current term, DR, is small, then one will expect

to observe the linear dependence of Ds on changes in the solar wind

t



pressure. The resulting constant of proportionality will be statis-
tically determined.

The solar wind data used was obtained by the Vela 2A and Vela
2B satellites during the period from July 1964 to July 1965. The
orbits of these satellites are approximately circular with a radius
of ~18 RE and inclined ~ 60° to the ecliptic. The satellites spend
about one third of their orbit in the solar wind plasma.

Figure 1 shows three days, out of a total of 19 days, when the
linear dependence was observed. Hourly averages of néV are compared

here with corresponding hourly values of Ds The plots include mea-

£
surements from both Vela 2A and 2B as indicated in the figure. Al-
though combining the data from the two satellites would imply that the
solar wind behavior is uniform over large regions of space, it is felt
that, during the magnetically quiet-times under consideration, this is
an acceptable assumption. Some of the scatter seen in the data may be
due to the fact that the solar wind measurements afe nonuniformly dis-
tributed over the hour, and quite often do not exceed three measure-
ments during a particular hour. Note that for the three cases, as

for the other 19 cases, the DS level is consistently positive, indi-

t
cating that the main contribution to the perturbation field at the
Earth's surface during these times comes from boundary currents. Over
the time span from July 1964 to July 1965, for which solar wind data
were analyzed, significant changes in the background level of the data

were observed, as shown in Figure 1. These changes are interpreted as

being due to changes in the level of the quiet-time ring-current.



FIGURE 1.
Hourly Aversges of n%V Plotted Against Hourly

Averages of Ds for the Three Days Indicated

t
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Figure 2 shows the results of a linear least squares fit to the
19 sets of data used in this analysis. The histogram on the left
side describes the distribution of the slope Ko’ while the histogram
on the right side describes the distribution of the intercept Kl’ the
latter being the extrapolated intersection of the linear fit corre-
sponding go zero solar wind pressure. The changes in the magnitude of
Kl are indicative of the changes in the magnitude of the ring-current
field DR during these magnetically quiet periods. The upper portion
of each histogram shows the average error of the quantities Ko and Kl
within the respective ranges shown on the abscissa. There is consid-
erable spread in the diétribution of the constant of proportionality.
The data seem to indicate that, within the error measurement, Ko varies
considerably in time, with most of its values falling below that pre-
dicted by the theoretical model of Mead.16

In order to combine all 19 sets of data in a single (n%V) VS.

Dst plot, the following procedure was adopted:

(a) A least squares fit was made for each data set.

(b) A reference value, denoted as (n%V)*, was then read from
each least-squares fitted curve, corresponding to the
arbitrary reference value (Dst)* = 15 gamsa.

(c) All data points in each set were scaled relative to their
respective reference values of (n%V)* and (Dst)*'

(d) The resulting differences were combined in one plot.

Figure 3 shows the combined 19 sets of data. The linear dependence in

the figure is clearly apparent and the magnitude of the resulting slope



FIGURE 2.
Histograms Describing the Distributions of the Slope

KO and Intercept Kl for 19 Bets of Data
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FIGURE 3.

1
n®V Against D, Plot for the Combined

t
19 Sets of Data
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(0.019 % 0.001) is consistent with the statistical behavior of K,

over the period from July 1964 to July 1965.

2.30 The Magnetic Storm of April 17, 1965

On April 17, 1965, a sudden commencement started at 1312 UT;
followed by a large geomagnetic storm. A negative impulse occurred
at 1730 UT. Beginning at 1930 UT end lasting until early on April 18,
the horizontal component of the magnetic field was higher than normal.
The main phase decrease began sometime between 0100 and 0300 UT,
reaching its maximum depression sometime between 0800 and 1100 UT on
April 18. Figure 4 shows the behavior of (n%V) relative to D_,
changes for April 17 and for several days following the storm. Fol-
lowing the early UT hours on April 18, the Dst drifts rapidly towards
negative values and is insensitive to changes in the solar plasma
pressure, as expected from the storm enhancement of the ring-current.
A slow recovery period follows, during which the solar wind velocity
and density maintain a consistently low level, as shown on the right
hand side portion of the figure. Finally, on May 4, 1965, after more
than two weeks of slow recovery, there may be an indication of a lin-
ear behavior between n%V and Dst'

2.40 Conclusions

It has been shown that, for those magnetically quiet days when

the Dst is consistently positive and for which the rate of change of

11



FIGURE L.

%

Behavior of n*V Relative to DS Following

t
the Magnetic Storm of April 17, 1965
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the ring-current intensity is small, the changes in the Dst level
are linearly correlated to the changes in the square root of the
solar wind pressure.

The results show a considerable spread in the distribution of
the constant of proportionality. The peak in the frequency distri-
bution for this constant is in rough agreement with that obtained by

17 19

Siscoe et al. and Ogilvie et al.,”™ using a different technique.

The average value for the proportionality constant approximately
agrees with the value given by Mead.16 Part of the discrepancy be-
tween the theoretical and experimental Ko can be attributed to the

17

effects indicated by Siscoe et al.,” ' which were mentioned in Section
2.10, although a plot of KO vs. month of the year (Figure 5a) does
not seem to bear out a seasonal dependence. A slight dependence of
Ko on the direction of flow of the solar wind with respect to the
Earth~Sun axis was observed, and 1s shown in Figure 5b. The angles
are measured in solar ecliptic coordinates.

If in addition to the protons there is a component of alpha
particles in the solar plasma, with number density Oy then the
total density in equation (2.10-3) has to be written as n = n, + kn,.
Since the quiet time alpha particle component in the solar wind varies
between 5—10%, this correction is small. Similarly, the magnitude of
Ko is quite insensitive to changes in the ratio of specific heats v.
The coefficient of pV2 in equation (2.10-2) varies from 0.955 for
Y = 1.2, to 0.88L for y = 5/3, and to 0.844 for y = 2.26 An analysis

by Lees,27 which considers the solar wind magnetic field, has the

13



FIGURE 5.
a) Plot of the Slope K, Against Month of Year.

b) Plot of the Slope KO Against Hourly Averaged
Values of the Angles the Solar Wind Flow
Direction Makes with the Earth-Sun Line in
the Plane of the Ecliptic. Positive Angles

Correspond to Flow from East of the Sun.
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coefficient of pV2 varying from 0.667, when the field is perpen-
dicular to the plasma velocity, to 0.832 when parallel. For in-
elastic collisions at the boundary, we have (PS/pVE) = 1.0, while

for specular reflection (PS/pV2) =2.0. The changes in K due to the
above effects amount to 3-7%. Although the individual effects dis-
cussed gbove might explain part of the scatter observed in the values
of the constant of proportionality, the major contribution to the
discrepancy between theoretical and experimental KO is believed to

be probably due to temporal changes in the magnetospheric particle
population. As stated before, the present analysis assumes that the
rate of change of the magnetospheric current system is negligible for
the 19 cases considered. This assumption might be only approximately
correct.

In conclusion, the results of the present analysis confirm the
relation expected from theory between solar wind dynamic pressure and
the megnetic field changes. The spread in the values of Ko, would
indicate shortcomings in the theoretical model rather than experimental
errors. Future study should isolate the effects of the individual
factors other than solar wind pressure changes, that contribute to the

variations in the magnetic field at the Earth's surface.
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3.0 MAGNETOHYDRODYNAMIC THEORY

3.10 Introduction

Magnetohydrodynamics is the study of the motion of an elec-
trically conducting fluid in the presence of a magnetic field. The
ambient field acts on the electrons and ions of the medium producing
dynemical effects such as bulk motion. These effects in turn couple
with the ambient magnetic field and modify it. It should be noted
that the fundamental equations of magnetohydrodynamics rest on the
assumption that the conducting medium can be considered as a fluid.
Thus to satisfy this assumption one must consider only wavelengths
large enough that the plasma will act as a continuum. These low
frequency oscillation involve motion of the fluid but no charge
separation, so that it is customary in the magnetohydrodynamic ap-
proximation to neglect the displacement current in Ampére's law.

The theory of hydromagnetic waves has been discussed by many

28-32

authors. A compressible, nondissipative, hydromagnetic medium
will propagate small amplitude plane waves at three distinct speeds
corresponding to three different polarizations of the fluid dis-
placement. One type of transmitted wave will propagate as & purely
transverse disturbance, where both the fluid displacement and the

magnetic disturbance are normel to the direction of propagation and

to the undisturbed amnbient magnetic field. This shear wave is known

16



as an Alfveén wave, after the physicist who predicted it theoret-
ically.

The other two modes of propagated waves result in displace-
ments that are coplanar with the propagation vector and the undis-
turbed field and involve compression that alters the thermodynamic
state of the medium. These waves are known as magnetoacoustic.

The subject of magnetohydrodynamics has found applicetion
in cosmic electrodynamics and in such low-density, magnetically
permeated ionized media as the magnetosphere and interplanetary
space. In these regions the magnetic restoring forces are compar-
able to the ordinary elasticity of the ambient plasma and hydro-

magnetic waves can propagate.

17



3.20 Basic MHD Equations

We consider a nonrelativistic, perfectly conducting fluid in a
homogeneous magnetic field B. Dissipation resulting from the fluid
viscosity and thermal conductivity as well as the displacement cur-
rent and additional external force fields are neglected. Under these
conditions, the equation of motion, Maxwell's equations, the continu-
ity equation, and the equation of energy conservation become (in

Gaussian units)

av 1=, =
PgE = -VP+c(JXB) (3.20-1)
vB = 0 (3.20-2)
VXxB = 5?‘- T (3.20-3)
vxE = -8 (3.20-1)
%mv.v = 0 (3.20-5)
ds _
T =0 (3.20-6)

wvhere s 1s the entropy of the system and

% - 5% + T.9 (3.20-7)

is the substantial derivative. Since we assume infinite conductivity,
the requirement of finite currents presupposes that there can be no

electric field in a coordinate system at rest with the fluid. This

18



means that in this coordinate system

E +

Q-

VXB = 0 (3.20-8)

For the compressible, isotropic plasme at hand, the continuity
equation can be combined with thermodynamic relations to relate pres-

sure and density variaetions

@ _£2do (3.20-9)

where S = /;@75'13 the velocity of sound and vy = cp/cv is the ratio
of specific heats. The set of nonlinear equations given in (3.20-1)
through (3.20-6) can be simplified to a linear form by a first order
perturbation scheme. It is assumed that all unperturbed quantities
which characterize the medium are functions of neither space nor time.

A variable X 1is written as X = XO + x., where the subscript zero

1
denotes the steady-state quantity and the subscript 1 denotes the
small perturbation. Assume further that all perturbation quantities

vary as
exp[i(wt - k-7)] (3.20-10)

and let the amplitude of their oscillations be denoted by (p’, v', p’,
etc.). Equations (3.20-1) through (3.20-6) then reduce, after some

manipulation, to the following algebralc system

B -b’ k-B
-t . ' o - oy =7
PV = (p° + m—) k - (E?ﬁf') b (3.20-11)
kv’ = 0 (3.20-12)
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(3.20-13)
wp'! - p (k¥ = 0 (3.20-14)

When linesrized, +the isotropic condition P = const. pY, yields the
following relation between the magnitudes of the perturbation pres-

sure and density
p- = 8% (3.20-15)

so that one of the thermodynamic variables in the MHD equations can

be eliminated.

3.30 Magnetoacoustic Waves

Consider the inner product of equation (3.20-11) with k and then
Eg, and the inner product of equation (3.20-13) with ﬁo. Substitute
(3.20-15) in (3.20-14). The four scalar equations which result can be

written as

—_— 2 - — —
2 -k ’
-k po(.l) m 0] jo)
-(kB) O 0 o (kv')
= 0  (3.30-1)
2 - = N —
0 -B, w (k-BO) (13O b)
2 = =
K -p8 0 0 ] L(Bo-v )_

A nontrivial solution is obtained if the determinant of equation
(3.30-1) vanishes. This condition gives the following well-known

dispersion relation for magnetoacoustic waves
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oF - k282 + 220 + k*PA2 cosP 6 = 0 (3.30-2)

where A = |&]| = IEA/Vh”LLDOI is the Alfvén velocity, and where
8 = cos-l(E-K/kA) is the angle the wave propagation vector makes with
the ambient magnetic field. The roots of equation (3.30-2) are given

by

1
% - %[(32 + A% + 284 cos 0)% £ (5% + A% - 28A cos 9)%] (3.30-3)

and the wave is termed fast or slow depending on whether the plus or
minus sign is assigned to its phase velocity. Waves propagating normsl

to Eo will do so only in the fast mode giving rise to a compressional

disturbance having phase velocity
Q) = £Ns> + A2 (3.30-4)
f

while waves propagating along ﬁo will produce compressional and trans-

verse disturbances having respective phase velocities

(7)) = =8 (3.30-5)

(F) = =4 (3.30-6)

The plus or minus sign refers to waves traveling in opposite direc-
tions.
Equations (3.20-11), (3.20-13), (3.20-14) and (3.20-15) can

be solved simultaneously to give the following perturbation quantities

- ®  |ofE - kz(i'K)K p’

K°5° | of - (E-K)2 Po

(3.30-7)
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2— —_— =
= o2 KB, - (k-Bo)k
2

k“s o - (k.n) o

1]
o.

(3.30-8)

O

It can be seen that these perturbation vectors will be confined to

the plane defined by the propagation vector k and the undisturbed

megnetic field ﬁo.

3.40 Alfvén Waves

Alfvén waves will propagate along the field independently on
whether the fluid is compressible or incompressible. This can be seen
by setting p’ = 0 in equation (3.20-14). Then (k-v’') = 0, and if the
inner product of equation (3.20-11) with k is taken and (3.20-15) is
used, it follows that (Eo-f') = 0. With these results, equations

(3.20-11) and (3.20-13) become

_, (E-'ﬁo) _,
wv +W(;—-b = 0 _ (3.40-1)
(E-Eo)v’ +wb’ = O (3.40-2)

Solving the above equations simultaneously we obtain

B
o)

thppo

which is the phase velocity of Alfvén waves, and conforms to the con-

= =

cos 6 (3.40-3)

=1e

ception of oscillations propagating along the field lines. The plus
or minus sign in equation (3.40-3) corresponds to waves propagating

along or opposite the direction of 56. The properties (k.b’) = (56-3') =0
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show that these waves are transverse to both the direction of propa-
gation and the direction of the magnetic field. Their disturbance
vector rotates about the undisturbed direction of the ambient lines

of force.

3.50 Group Velocity

The group velocity with which MHD waves propagate can be ob-

tained from the formula

- W i
We can write equations (3.30-2) and (3.40-3) as
ot - kR(s® + A2)a>2 + E-Ese(E'K)e = 0 (3.50-2)
w = %= (k-A) (3.50-3)

Differentiating the above equations according to (3.50-1) we obtain

Alfvén wave: ;g = %A (3.50-4)

b 42— ——
Magnetoacoustic v_ = 2 k é kS ék.A)'g 5 (3.50-5)
wave: €& wk“[2w” - (S° + A%)k"]

3.60 Energy Density and Flux
Conservation of energy requires that

E . o= _
E+V'F = 0 (3.60-1)
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where E is the energy density and F is the energy flux of MHD waves

2

E = p(0+§ +g'];—“ (3.60-2)
— - V. P BV=

F = poV(H + 3;) + EE;'V - T B (3.60-3)

Here U is the internal energy per unit mass and H is the enthalpy
per unit mass. With the help of equations (3.20-1) through (3.20-5)

equation (3.60-2) can be manipulated into the form

du

a4 1y _ nds _ _
5€+P?ﬁ(5) —-Tdt = 0 (3.60,4-)

which checks with equation (3.20-6) and shows that because dissipa-
tion has been neglected, the entropy of the system remains constant.
In the following presentation we shall follow & treatment de-

33

scribed by Anderson. Let each variable be written as before in

the form, e.g. p = s + Py and consider the following expansions

2
pU = (DU) +%%I_I_). P +}.§_££tl_l p2+--c
o) YA 1 2 ap2 b 1 _
2
- 1.8 CH
- (pU)O + Hopl + 2 (p )0 pl +
1 _ 1 = = 2
'é' DV2 h 2 (po + pl)(vo + Vl)
B2 S | (E +5 )2
o 8B o 1
2
_ oH _ S
H = H, + (53)s pp * eee = Ho + ( p) pp * e
BV = (BO + bl)-(v0 + vl)
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The perturbation quantities are assumed to be proportional to
expli(wt - k-r)]. If time averages of the above expansions are con-
sidered, only those terms where the oscillatory quentities appear as
a square will have a non-zero mean and will therefore contribute to
the energy density or flux of the wave. Preserving only first-order
terms, and substituting the above expansions in equations (3.60-2)

and (3.60-3), we obtain the following relations for the perturbation

amplitudes
2 2
i _ 11185 2 . 1D 1 ”°
) =3155.° *3hm T2 (3.60-5)
4 - -7
<F'> _ .]__ i —1 + (B b );_, (BO'V '
2 Po Py P THe Lmup
0
o) - —
=1 = B ¢+ (B _v")
v/.v') = o =1 _p o =
- B - pv + — - —B (3.60-6)
TR, O hnppo Py *THe, ©

With the help of equations (3.30-2), (3.30-7) and (3.30-8), we have

1.2 1 e B 1 o - PPELE | o2 (3.60-7)
2 "o 2 po ETTp. 2 (D2 _ (I{-'K)2 Dok2

thus showing equipartion between kinetic energy and the sum of mag-
netic and pressure energy of the magnetoacoustic wave. Substituting
equation (3.60-7) in (3.60-5) and using the identity derived from

(3.30-2)
o - KBRED2 = 2t - PP(e? + D) (3.60-8)

we obtain
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2 2,.2 2 2 42
i _ llew™ - k°(8° + A7) | wTp
@ - (k-A) K"p,

In the same way, teking the inner product of the terms shown in
the expression for the energy flux, one can show, after some straight-

forward manipulation, that

b _

h 2, —\— 2
Gy = %Fw k'S°(k-A)A | wp

of - (E-K)E ko,

(3.60-10)

The velocity of energy propagation of small-amplitude waves is then

simply

s @D . o' - WSPERE
w20 - (88 + AP)KP]

.60-11
g ) 3 )
which is the same expression derived in equation (3.50-5) for the
group velocity of magnetoacoustic waves.

For Alfvén waves, we have p’ = (Eo-g') = (k-v’) =0 and

vi== f'/thupo . Equations (3.60-5) and (3.60-6) reduce then to

€Y = %\u (3.60-12)
F'y = % %;% i (3.60-13)

Hence we have
Vg’ = g——% =+ A (3.60-14)

which again checks with the result previously derived in equation

(3.50-4).
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4.0 REFLECTION AND REFRACTION OF
HYDROMAGNETIC WAVES AT THE MAGNETOPAUSE

4.10 Introduction

Over the past few years, considerable attention has been
directed to energy transfer processes between the solar wind plasma
and the Earth's magnetosphere. A general boundary interaction anal-
ysis should allow for diffusion of both plasma and magnetic field
through the boundary region, since the merging of the interplanetary
field lines with the Earth's field is believed to be an important

34,35

mechanism to explain storm time geomagnetic phenomena. However,
the complete theoretical problem may well prove to be unsolvable in
its complexity, while, on the other hand, the macroscopic behavior of
the quiet time magnetopause has been adequately inferred from the
equilibrium condition associated with the MHD pressure balance across
an idealized surface.8-lh

Finite thickness boundary layer analyses have been performed

36 and Faye-Petersen and Heckman.37 Their vis-

recently by Newcomb
cous-like interaction is based on a pressure tensor perturbation
associated with a perturbation in the ion cyclotron orbit. Eviatar
and Wolf38 propose a two-stream cyclotron instability to account for
viscous transfer of energy at the magnetopause.

A viscous-like interaction of hydromagnetic waves with the mag-

39

netopause has been proposed by Axford™” as a means to transport energy

and momentum from the solar wind to the magnetosphere. The specific

27



mechanism invoked is the refraction of turbulent sound waves orig-
inating in the solar wind plasma which can exert transverse stresses
on the magnetopause and contribute to the formation of the geomagnetic
tail. The presence of a turbulent spectrum of hydromagnetic waves in

ko, This has been attributed to

the magnetosheath has been observed.
the amplification of the noise spectrum in the solar wind on passage
through the bow shock. Kelvin-Helmholtz instability of the magneto-
pause, if it occurs, would enhance the viscous interaction between the
solar wind and the surface of the magnetosphere, and would thus provide

a very effective, additional drag mechanism. The stability problem of

the hydromagnetic Kelvin-Helmholtz model of the interface has been

treated in detail in the literature,h2-5l and is discussed in the next
section.
Fejer5e has studied the theoretical problem of reflection and

refraction of hydromegnetic waves at a stable, plane interface which
separates two compressible, perfectly conducting media in relative
motion to each other. He assumes the relative motion to be parallel
to the interface and that the magnetic fields on both sides of the
boundary are parallel to the boundary surface. Such a model is
thought to approximate quite well the boundary between the sunward
Earth's magnetosphere and the solar wind, especially during magnetic-

51

ally quiet times. McKenzie expands Fejer's treatment to obtain
values for the reflection coefficient in the following approximations:
(a) the sound speed >> Alfvén speed in the solar wind; (b) the Alfvén

speed »> sound speed in the magnetosphere. The conclusion reached by

McKenzie is that, during quiet times, the magnetopause behaves like
28



a near perfect reflector to the turbulent hydromegnetic waves in the

439

magnetosheath, and thus, the mechanism invoked by Axfor is not
very effective, at least under normal conditions, in producing a vis-
cous-like interaction.

In the present analysis, reflection and refraction coefficients
at a stable interface are obtained as ratios of the normal components
of hydromagnetic energy flux. The resulting expressions are evalusted
exactly for representative conditions for the magnetopause. The momen-
tum flux of the MHD waves refracted in the magnetosphere as well as
the amplitude and wavelength of the oscillations experienced by the
perturbed boundary are then calculated.

Before proceeding with the theoretical calculations we describe
typical properties of the solar wind, the magnetosheath and the outer
magnetosphere. Extensive observations of the magnetic field and plas-
ma charscteristics of these regions have been made by satellites and

2-7,53-66

space probes. Table 1 summarizes typical values of plasma
and magnetic parameters of the sunward magnetosheath and the outer

magnetosphere for quiet conditions of the solar wind.

4.20 Instabilities

A thorough study of plasma instability processes is beyond the scope
of this work. We shall briefly discuss several types of instabilities
which have been suggested as pertinent to the magnetopause or microscop-
ie, according to the frequency range of the process. The former are low-

frequency phenomena and are studied using the hydromagnetic equations.
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Examples are interchange, Raleigh-Taylor and Kelvin-Helmholtz insta-
bilities. The latter are high-frequency phenomena which result from
non-Maxwellian velocity distributions in the plasma. Examples are
two-stream, mirror and loss-cone instabilities.

Unstable conditions at the magnetopause boundary have been pro-
posed as a means to transfer energy from the shocked solar wind plasma

to the magnetosphere. ZEviatar and Wolf38

have invoked a two-stream
cyclotron instability on the flanks of the magnetosphere to account for
viscous interaction at the magnetopause. Another form of plasma in-
stability that may occur is the Rayleigh-Taylor instability. This in-
stability was originally studied for the case of a heavy fluid sup-
ported by a light fluid in a gravitational field.u6 Still another type
of instability is the one that produces waves on water when wind blows
over it, and is known as the Kelvin-Helmholtz instability. Helmholtz
observed that the discontinuity surface between two perfect-fluid

media in relative motion effectively curls up and breaks into vortex
filaments under the influence of viscous friction. The regime of Kelvin-

Helmholtz instability has been studied by several authors. StuartLL2

k3 found that the presence of a magnetic field, either co-planar

and Lock
or perpendicular to the velocity discontinuity surface between per-
fectly conducting fluids, will inhibit the instability growth. Fejerlw
and Senl"8 studied the étdbility of a simplified model having identical
acoustic and magnetic properties on either side of the boundary. Their

results therefore do not seem applicable to conditions at the magneto-

pause. Fejer, in the cases he studied showed that the introduction of
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a slight compressibility would reduce the stabilizing effect of the
magnetic field, and that the first unstable modes would propagate
parallel to the streaming velocity. Sen found that the most unstable
perturbations propagate perpendicular to the unperturbed ambient

k9

megnetic field. TLerche examined the stability question in the
hydromagnetic approximation to show that the highest growth rate of
unstable waves occurs for the shortest wavelengths. He therefore
argued that the Vlasov equation should be employed rather than MHD
theory and that, Landau damping might be effective in inhibiting the

instebility. Southwood50

concluded from his analysis that, at the
middle and low latitudes which are removed from the subsolar points,
the first growing modes would propagate across the Earth's field.
These modes exhibit nearly circular polarization in & plane almost
perpendicular to the geomagnetic field. 1In a more recent paper,

o1 found that, during relatively quiet conditions of the

McKenzie
solar wind, the magnetopause is unlikely to undergo Kelvin-Helmholtz
instability.

At present it appears that the strongly compressed geomagnetic
field on the sunward surface of the magnetosphere boundary will exert
a stabilizing effect on the Kelvin-Helmholtz instability, so that,
under quiet conditions of the solar wind, energy transfer due to this
instability across the sunward magnetopause is likely to be negligible.
The situation becomes considerably more complicated along the flanks

of the magnetosphere and the magnetotail, where the dynamic pressure

of the solar wind decreases. In this region the development of un-

32



stable regimes may be possible, especially under disturbed conditions

of the solar wind.

4.30 Theory

In the following sections the MHD relations which were developed
in Chapter 3.0 are applied to the problem of reflection and transmission

of waves across a stable, plane boundary.
4.31 Boundary Conditions

Consider two compressible, perfectly conducting medis separated
by a plane boundary. In the hydromagnetic frequency range, i.e. well
below the gyrofrequency of ions, a fully ionized gas may be adequately
represented by an inviscid, conducting fluid. The relative motion of
the fluids along the plane of the interface requires that the undis-
turbed, uniform magnetic field B, which is assumed to have different
values in the two regions, be tangential to the interface. Solutions
are sought for the amplitude of the reflected and transmitted waves re-
sulting from a small amplitude incident wave in one of the media. Let
the wave solutions be proportional to exp[i{wt-k:r)]. The restriction
that the normal component of B should vanish at the boundary allows to
consider the reflection and refraction of only megnetoacoustic waves
since Alfvén waves will propagate along the interface without penetrat-
ing in the other medium.

The boundary conditions to be satisfied at the interface are:

(a) pressure balance; (b) zero normel components of the magnetic field

and the velocity; (c) matching of the tangential components of the
33



wave vectors. FEach boundary condition shall be discussed in turn.

The pressure balance in the unperturbed state requires that

2 2
Boy Boo
P, + Top = P, + Bar (4.31-1)

and assuming adisbatic conditions so that P = const. poY’ one obtains

-182 + 1 -1.2 1 2)

2 = —

where S and A are the sound and Alfvén speeds respectively, and Y is
the ratio of the specific heats. In the perturbed state the stress
associated with the disturbance must be equal on each side. To find an
expression for this stress, consider the combination of Maxwell's equa-

tions and equations of fluid dynamics, as developed in Chapter 3.0.

= = - =\

poa);' = |p’ +E§%— k - 1%) b’ (4.31-3)
kb’ = 0 (4.31-k4)
wo’ = (kv')B, - (kB )V’ (4.31-5)
wp! - pO(K-V’) = 0 (4.31-6)
p' = %' (4.31-7)

Here the primed quantities denote the amplitude of the perturbations.
Taking the inner product of equation (4.31-3) with k and using equa-~

tions (4.31-4), (4.31-6) and (4.31-7), it can be shown that
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P ;

B b

2
P+ =(°°ék) p’ (4.31-8)

where the term on the left hand side is the sum of the dynamic and
magnetic perturbation pressures. Denoting the incident, reflected and
trénsmitted qQuantities by the subscripts i, r, t respectively, the
following expression for the pressure balance of the perturbation
stress holds

2 2
w. [k , w,/k ,
lS : (p; +p.) = 25 2 by (4.31-9)

1 T 2

Assume, by virtue of linearity, that the magnetoacoustic wave
impinging on the interface gives rise to a distortion which is of the

same form as the incident plane wave and has amplitude 60
5(r,t) = 8. expli(wt - k-r)] (4.31-10)

The vectors k and r, which define the spatial distortion of the tan-
gential discontinuity, will lie in the plane of the interface. With-
out loss of generality one can take region (2) to be at rest and let
the plasmae in region (1) flow along the interface with velocity u.
The boundary conditions requiring that the normal velocity and the

normal magnetic field be zero on both sides of the discontinulty, are

’ ’ - 9 _ s 3% _
AATE A u-v% - T " Vot "5t - O (¥.31-11)
’ ' - [ =
- . = - 95 = .31-
b, *b  -By ¥ =b, -B, 7 =0 (4.31-12)
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Substituting equations (%.31-5) and (%.31-10) in equations (4.31-11)

and (4.31-12) yields

vni M vnr vnt
m = = (4.31-13)
1 2

in vhich @, =@, + E-El is the Doppler shifted frequency observed in
the frame of reference stationary in region (2).
Finally, the condition that the tangential components of the wave

vectors be continuous across the interface requires that

= wt -k, T, =w.t -k

b - kpgery 1 T =% 2 T2 (k.31-1k)

Here iz is the tangential component of k associated with the incident,
reflected and transmitted waves as indicated in equation (k4.31-14) by
the appropriate subscripts. The moving reference frame in region (1)

is related to the stationary frame in region (2) by the Galilean

transformation
r, = T,-ut (k.31-15)

Substitution of equation (4.31-15) into equation (k4.31-14) yields

kZ' = k

i ir Ky = Ky (k.31-16)

w, = o * E~E£ (4.31-17)

Equation (4.31-16) is the well-known Snell's law, while equation
(4.31-17) is the previously derived Doppler shifted frequency in region
(2).
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In general, for B'n # 0 at the boundary, a single type of wave
(slow or fast) may gives rise to three different non-evanescent types

67

of reflected and refracted waves, as determined by the roots of the
dispersion relation. Whenever Snell's law applies, each type of trans-
mitted wave will propagate at an angle defined by the magnitude of the
components of its refracted wave vectors. The absence of a normal
component of the magnetic field at the boundary simplifies the problem
considerably. This condition allows to consider only magnetoacoustic

waves and to write their dispersion relation in either medium as a

quadratic rather than a quartic in k (since Eﬁ-i =0)

2 2, wu

(4.31-18)

in terms of the parameters that define the medium and the conserved
quantity Ez. Thus the angles of reflection and refraction can be uniquely
determined for a given incident wave.

It is clear that in region (2), kit

not necessarily positive, values. If kit is negative, then the trans-

can acquire only real, but

mitted wave is evanescent and total reflection takes place. For kit >0,

the sign of k__, is chosen so as to ensure that the wave energy flux di-

nt

verges from the interface.
4.32 Reflection and Transmission Coefficients

Define the reflection coefficient R as the ratio of the time

averaged normal component of the reflected energy flux to that of the
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incident energy flux:

(Fl'lr), s )
R = .32-1
:Fni:
where
b— b 2= =+ 2
F'y = L|ok -k's (k-A)A | wp (4.32-2)
2 (1)2 _ (E'K)e k)-l-s)-l-

was the expression derived in Chapter 3.0. In the same chapter, the

amplitude of the perturbation velocity was found to be

—_ [ I
v - [SE - KCERE | op’ (¥.32-3)
o - (k-A) L

Consider the inner product of equation (h.32-3) with the unit wvector

n normel to the boundary surface. The following relations then hold

' 14
P
F’.‘-II = .= (4.32-4)
ni Py
‘ 2 -2 2 ;= = \2 )
Voo 9 [@p/kp Y o/l VT [y "-(e oB)) f ey Ky By
v, T o \"s 5 s — 3 |5k (325
ni 1 2 1 W, -(ke-A2) 02 "ni *i

where the negative sign in equation (4.32-4) stems from the requirement

that knr = - kni' Substituting the boundary conditions (4.31-9) and

(4.31-13) together with equation (%.32-4) in equation (4.32-5), yields

7 Y} U ] 2 = = \2
l-vnr/vni ) 1+Pr/pi _ wé-(kE'A2) p02kni = 7 (4.32-6)
v, SV 1-p./p; mi_(il A )2 | Por¥nt
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Using equation (4.31-2), the paraemeter Z can be expressed as

k k. \° y71 +x q 2\ [w.2 - q22 cos-8
y - .mif*2 2% || 2 (4.32-7)
Tk k -1 1 2 :

2 2 2
nt\"1j \y ~ + 5 L Wl - q; cos el

where W = (w/kS), and @ = (A/S). Whenever Snell's law applies, that
is when the waves are nonevanescent (k2> 0) and are obliquely incident

to the boundary surface (kn # k), an incidence angle @, and g refracted

1
angle 02 can be defined such that

2
EEE Eg ) sin 2&1 (u 32-8)
knt kl sin 2&2

The magnitude of the reflection coefficient can be expressed in terms

of the dimensionless parameter Z, as follows

P, 2 1 \2 2
= (x| - (=zr} _ (L-2 B
R =) = ) = \i=7z (.32-9)
1 ni

It is interesting to observe that, for particular angles of incidence
and streaming velocity, the value of R can exceed unity and approach
resonance as Z approaches minus one. This can occur if the flow veloc-
ity in region (1) is supersonic so that the transmitted energy, as

seen from region (2) could become negative. This phenomenon, by which
the energy of the medium is lower (negative) in the presence of a
perturbing wave than in the absence of the wave is well known in plasma
physics and is encountered in nonequilibrium transparent media which

exhibit anomalous dispersion68 and other instances in which the sign
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69,70

of the energy depends on the coordinate system. Amplified re-

mn and Ri'bner.72

flection of sound waves have been discussed by Miles
This resonance phenomenon can be understood by chosing a coordinate
system in which the pressure balance across the interface is satis-
fied only for a vanishingly weak incoming perturbation. In this

coordinate system reflected and transmitted waves are self-excited

and, in the absence of a damping mechanism, amplification is effec-

tively infinite.

4,33 Continuity of the Normasl Component of Energy Flux at the Boundary

To show that the normal energy flux is continuous at the boundary,

namely that
R+T = 1 (k.33-1)

We consider a stationary frame of reference and another frame of
reference moving with velocity u. Denote quantities expressed in the
rest frame by the subscript zero, and those in the moving frame without
any subscript. Apply the rules of Galilean transformation to the energy-
momentum tensor. It can be shown that the element of the tensor which

defines the wave momentum density ﬁ, given by

M = =k (4.33-2)

glic

is an invariant, but that the tensor elements defining the energy dens-

69,70

ity U and energy flux F depend on the reference frame. Using

vector and scalar quantities the following equations hold
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M, = M (4.33-3)
U, = U-uM =—=1U (4.33-4)
Fo = Uy Voo (4.33-5)
Voo = Vg +u (4.33-6)

=3

Here wo = - -E, and ;é is the group velocity of the wave.

Consider two media as described in Section 4.31, and require
that in the rest frame of the moving medium in which the incident
wave 1ls propagating the incident normal flux equals the sum of the
transmitted and reflected normsl energy fluxes. Let n be a unit
vector normal to the boundary and directed into the stationary medium,

i.e., from medium (1) to medium (2). Since u is parallel to the bound-

ary,

= v (4.33-7)

Taking the inner product of the energy flux with n, yields

F F +
_ o,nr + O,n 1 (’4-33-8)
F . F
o,ni o,ni
or
F w F &
_-omnr , o _nmt _ (4.33-9)
F ®» F
o,ni o,ni

where equations (4.33-4) and (4.33-7) were used to show that Fo.=
2

(wo/w)Fn. Substituting for the expression of the normal energy flux
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and noting that By =Wy, ® =W, and knr = -kni’ yields

\2 b -4 2 = 7142 N\2

P, wp/ky \" [0y [l \ T ey '(kl’Al)—] Pi \" Por*nt

) *\7s 5 7= = 2\s7) sk, - L (4:33-10)
i 2 1 w, -(k2-A2)—J i 02 ni

On using the boundary equations (4.31-9) and (4.31-13) together with

equations (4.32-4) and (4.32-5), the following identity is obtained

A2

' ]
P b

) efiex)(iox) oy (4.33-11)
Pi Pi Pi

which demonstrates the continuity of normal energy flux across a shear
layer.

It can be seen from equation (4.33-4) that, while U, is by
definition positive, the magnitude of U in the frame of reference
fixed in medium (2) can take on negative values for sufficiently high
values of the streaming velocity u and for certain angles of incidence.
Thus the wave transmitted across an interface can appear to carry a
deficiency of energy with it, as discussed in the previous section.
Under these circumstances, the reflected wave will be amplified so

that R > 1.

k.34 Expression for Snell's Law

We shall restrict ourselves to propagation of nonevanescent plane
waves. Furthermore, we chose to define angles of incidence, reflection

and refraction as viewed from the rest frame in medium (2). Then the
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angles of incidence, reflection and refraction as determined by

equation (4.31-16) are related by Snell's law

k, = k; sina@ =k, sina, (4.34-1)

Figure 6 illustrates the geometry at hand. Using equation (4.31-17),
equation (4.34-1) can be written as

S W

‘ = 2 2 -
sin &, = 5, i cos T, sin @) (k.34-2)

in which W = (w/kS), M = (u/Sl) is the Mach number and cos & = (u-.k /ukl).

Note that in deriving the coefficient of sin dl the identity w, =) + E-Ei

is assumed to be a non-zero quantity so as to allow the perturbation freg-
uency to be observed in the rest frame of medium (2). Let
S

Q = §;— (M cos § + W) (4.34-3)

and write the dispersion relation in medium (2) as follows

1

W, = % % (L + q22) a:%-\/(l + q22)2 - h»qeg cos292' B (. 3h4-k)

in which, as before, q = (A/S), and where, from Figure 6,

cos 62 = sin 02 cos 62 (4.34-5)
k, B
£ C02
cos B = (!4--3!4--6)
2 kEBO2

After substituting equations (4.34-%4) and (L4.34-5) in equation

(4.34-2), squaring twice, and collecting terms, the final form for
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FIGURE 6.
Geometry of the Incident, Reflected and

Transmitted Waves Across the Plane Boundary
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Snell's.law at a fluid velocity discontinuity is obtained, as

sin® @, = éh Q?(l + q22) - q22 sin” @ cos® B, sin® oy (&.34-7)

Since the same kz is common to the incident and refracted waves, the
ambiguity of the sign in the quadratic is resolved by requiring that

both incident and refracted angles have the same sign.

4.35 Amplitude and Wavelength of Boundary Oscillations

Let 80 be the magnitude of the displacement of the boundary sur-
face from the undisturbed position resulting from the incidence of a
magnetoacoustic wave. The vanishing of the normal components of magne-

tic field and velocity requires that equation (h.3l-l3) be satisfied,

that is
vl
1 r} » nt
—_ + = == .35-
w; (vni Vnr) ®, (4.35-1)

vwhich is & . Substituting equations (4.31-5) and (4.32-9) in equation

(4.35-1) yields

4

5 = (ﬁi).ﬁﬁi_ (k.35-2)
1 % R it
° *Z kl BOl

From the requirement that b’ 1lie in the plane defined by k and 56 (see

Section 3.20) and from the geometry in Figure 6, it can be shown that

?

b= b’ cos 8 cos @ : (4.35-3)
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Then

b! cos &
2 i 1
8 = <_) —_— = ()_;_35_)4,)
1+7 kl BOl

is the displacement of the interface due to the perturbation field v’
The wavelength of the ripples induced on the boundary will depend on
the magnitude of the tangential component of the incident wave vector,

as follows
Ny SR (4.35-5)

For waves normally incident on the boundary, kz is zero and hence

hz = ®, In this case w, = Wy (by equation (h.31-17» and the displace-

2

ment of the interface can be calculated from (4.35-1).

4.36 Transfer of Momentum and Energy

Consider the time averaged mangitude of the energy flux density
as seen by an observer stationary in medium (2). The general expression

for (U') was obtained in Section 3.60, and is repeated here

2 2. 2, = \2 )

Wy - L] X% (yBp)™ | oy
2 3 0.2 - (LL) 2
e o By Pon*2

1 We)+ - q22 cos2 92 Pég
= 3|73 R 5 (4.36-1)
W - cos B S
2 - % =] P2 Pop

where W = (w/kS), g = (A/S), and where the relation p’ = Sep' was used.

The pressure balance of the perturbation stresses can be written as
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2 )
) wl Pr 7
Pt - W-Z 1+ 5; Pi ( )-'- . 36'2 )

Furthermore, from equation (4.31-8)
=Y =1
. Bor"Ps
b (W 2-1)
1
'
BOl bi sin el

_ 4.36-3
uru(wle-l) ( )

Substituting equations (4.36-2) and (%.36-3) in equation (4.36-1) yields

1+ =%
W 2-q22 cos® © W2 -1 Pi) s

2, \b; 4 2 2 , 2 N2
, 11\ (Y1) (Yo -% cos” 8,)\[Byb; sin 6, P, 1
W, =
> 1

> 5 bi sin 61

(h’-36"+)
in which use of equation (4.31-2) was made to obtain the last step.

Finally, the time averaged momentum density is simply given by

) = 3 W, % (4.36-5)
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4.4%0 Calculations and Discussion

Before proceeding with the actual calculations, the allowed
range of phase velocities for MHD waves in a perfectly conducting
fluid permeated by a homogeneous magnetic field B is considered. 1In
Figure T the roots of the dispersion relation (equation (4.34-4)) are
plotted against the Alfvén velocity in units of sound velocity. The
shaded portions of the dimensionless plot denote regions where propa-
gation of MHD waves is allowed. The boundaries of these regions corres-
pond to 8 = 0 and 6 = 1/2, where cos 6 = EO-E/BOk. In the upper narrow
band waves propagate in the fast mode, while in the lower band they
propagate in the slow mode. For given properties of the medium which
specify the parameter q, it can be seen that waves propagating in the
slow mode have a considerably larger range of allowed phase velocities
than those propagating in the fast mode. The latter waves approach the
Alfvén velocity for large values of q, such as are found in the inner
magnetosphere. For normal solar wind conditions at the Barth's orbit
one expects q < 1, while in the sunward magnetosheath q should be of
order unity. However, since the magnetosheath is a turbulent transition-
region, one can anticipate a considerable spread in g-values.

Recently, Ogilvie et al.,65 have reported on observations in the
magnetosheath near the dawn mesgnetopasuse during magnetically quiet as
well as disturbed conditions. At the bottom of Figure 7 several values
of q derived from these observations are indicated where the ratio of
specific heats vy is taken to be 5/3 in evaluating q. The two highest

q values in the range correspond to magnetically quiet conditions. The
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FIGURE 7.
. w/k
Plot of the Ratio of Phase Velocity to Sound Velocity ( 5 )
Against the Ratio of Alfvén to Sound Velocity
q = (A/S). Also Shown are Examples of Measured Magneto-

sheath Values for q
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variability of conditions in the magnetosheath is evident from the
spread shown.

In the following analysis the response of the magnetopause to
MHD waves impinging on its surface is discussed. These waves are taken
to originate in the magnetosheath with an isotropic flux distribution.
The calculations are restricted to those parameters of the magnetopause
which correspond to the sunward portion of the boundary during quiet
conditions of the solar wind. The pressure balance across the magneto-

pause yields

B ° B2
g’:—— +N KT = 8181_ + N_KT_(1+4X) (4.%0-1)

Here the subscripts m and s refer to quantities pertinent to the
magnetosphere and magnetosheath respectively, and T is the temperature
of the plasma. The factor X = (pu2/NSkTS) accounts for the solar wind
dynamic pressure on the magnetosheath side of the boundary. Listed in
Table 2 are two sets of parameters which satisfy the pressure balance
relation and which will be discussed in this section. Case 1 is taken
as representative of magnetopause conditions in the vicinity of the sub-
solar point; Case 2 as representative of magnetopause conditions near
the dusk and/or dawn meridian. In the analysis to follow it is assumed
for simplicity that the magnetosheath field Es is uniform and steady and
lies in the plane of the magnetopause. It is also assumed that the
streaming velocity vector u of the solar wind plasma is parallel to §S.
The result would be the same if any velocity vector perpendicular to

Es is added to this u so long as the added vector is parallel to the
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boundary surface. Referring to Figure 6, the following quantities

are defined:

Bop = Bg
BOE = Bm
(4.40-2)
g€ = B
_ l[— 5 ]
€ = cos B ‘B /BB
S s m

Figures 8 and 9 show plots of the transmission coefficient T
against the angle of incidence al for selected values of the azimuthal

angle Bl. A convention is adopted so that &, is positive for waves

1
whose propagation vector k has a component along the flow vector u.

The angles B, and B, defined in each medium by cos B = Ez-ﬁa/szo, are
measured positively counter-clockwise. Figure 8 refers to Case 1 and
illustrates the conditions € = 0° and 90° for the indicated values of
the flow Mach number. Figure 9 is a similar plot referring to Case 2.

It can be seen that in the frame of reference of medium (2), appreci-
able transmission into the magnetosphere occurs only for incoming fast
waves which propagete over a small range of angles near the normal inci-
dence. It is noted that transmission occurs over a wider range of angles
for positive «

than for negative « The degree of this asymmetry in-

1 1°

creases with increasing Mach number. As expected, the asymmetry dis-
appears for waves having planes of incidence normal to the streaming

vector (i.e. Bl = 90°). Also shown in Figures 8 and 9 are maximum and

*

minimum values of dl which is the incident angle in a frame of reference

fixed in the streaming plasma. The incident angles in the inertial and
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FIGURE 8.
Plot of the Transmission Coefficient T Against

the Angle of Incidence a, for Case 1

1
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FIGURE 9.
Plot of the Transmission Coefficient T Against

the Angle of Incidence &« for Case 2

1
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moving frames are related by

W, sin®, - M cos §
* U1 1
tan @) = W, cos @ (k.40-3)

The values of di shown in Figures 8 and 9 indicate that most trans-
mission occurs for waves propagating upstream.

The asymmetric behavior is further illustrated in Figures 10 and
1l for Cases 1 and 2 respectively as seen from the magnetosphere. Each
figure shows polar plots of both reflection and transmission coefficients
and their corresponding angles of incidence and refraction, for Bl =0°
and € = 90°. The interface separating the mesgnetosphere from the magneto-
sheath region corresponds to al =+ 90°. The unshaded area in the upper
portion of each plot denotes the window for which partial reflection occurs.
The transmission coefficients for these transmitted waves are shown by
the shaded area in the lower portion of the same plot. As before, inci-
dence angles of waves having kz along the flow vector u are shown as
positive. The arrows in the diagram on the left hand side of Figures 10
and 11 show a representative correspondence between reflected and trans-
mitted waves. It can be seen from the figures that the transmitted wave
is refracted at angles larger than the corresponding incidence angles.
It is noted that in both Figures 10 and 11 there is a remarkable differ-
ence in the shape of the distribution of the transmission coefficlent
between the two angles of € considered, i.e. € = 0° and € = 90°. For the
case when the magnetic fields in the two medias are perpendicular to each

other (€ = 90°), more energy flux is transmitted at large angles of re-

fraction than at smell angles of refraction. The excess in energy flux

55



FIGURE 10.
Polar Plot of the Reflection and Transmission
Coefficients R and T for Case 1 and for Bl = 0°,

e =0°, 90°
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FIGURE 11.
Polar Plot of the Reflection and Transmission
Coefficients R and T for Case 2 and for B, = 0°,

e =0°, 90°
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transmitted by waves with oy > 0 over waves wi££ a2 < 0, represents
the drag energy associated with the MHD waves.

The total energy density and momentum of the transmitted waves
can be evaluated by integrating equations (4.36-4) and (4.36-5) over
all angles of the incident flux. For simplicity this flux is assumed
to be isotropic relative to the magnetosphere. The results of such a
calculation are shown in Table 3, together with the integrated values
of the reflection and transmission coefficients. For the chosen mag-
netopause parameters, only about 1 to 2 percent of the incident energy
flux is transmitted into the magnetosphere. Thus, during quiet condi-
tions of the solar wind the sunward magnetosphere may indeed seem to
behave like a near perfect reflector to the MHD waves as was summieed

51

by McKenzie. Yet, when integrating the flux transmitted into the.

magnetosphere from waves having an amplitude of say 1 gamma, it is

6

found that roughly 10 - to 1077 erg em™® see™t are being deposited in
the sunward magnetosphere. Assuming a steady isotropic flux incident
on a hemispherical magnetopause of radius 15 RE’ the total energy in-
put into the magnetosphere is estimated to be of the order lO2l erg
per day. This energy amounts to about ten percent of the total
energy in the range 20 =2v = B < 50 kev for trapped particles residing
between 1 <L 58 (~'10?2 erg)73, and therefore it is likely to contri-
bute significantly to the energy budget of the magnetosphere.
Measurements show that the energy density of the turbulent wave

-10 3 40,k1,7h,75

spectrum in the sunward magnetosheath is € = 10-9 - 10 erg/cm .

The momentum density of the waves can be estimated to be
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M~ e/(a/x) = 10720 = 10727 g/enPocm (L.50-L)

for phase velocities of the order lO2 km/sec, which is taken to be
typical for this region of space. Thus the transmitted energy density
and momentum calculated in Table 3 represent approximately a fraction
to a few percent of the energy and momentum density available in the
wave spectrum of the magnetosheath during quiet conditions. The problem
of how the wave energy transmitted into the magnetosphere interacts with
the plasma is complex and is beyond the scope of the present work.

Finally consider the amplitude and wavelength of the oscillation
of the boundary surface (equations (4.35-4) and (4.35-5)). In Figure
12, ranges in wavelength asgainst frequency of the incidernt perturbation
are plotted for the Mach numbers of plasma flow shown. Since the hydro-
magnetic frequency domain lies well below the gyrofrequency of ions,
values of proton gyrofrequencies in ambient fields of 10, 30 and 60
gamma are also given in the figure. Case 2 exhibits a slightly larger
range in wavelengths than Case 1, and the dependence of both cases on
the Mach number is small. The curves are labeled with critical values
of al for which boundary ripples can be set up.

Measurements of MHD perturbations in the magnetosheath indicate
a maximum power density in the range 1073 - 1072 hertz.l"o’)"':l"'m’75
Wavelengths of the boundary oscillations for these frequencies are
comparable to the sunward dimensions of the magnetosphere. Therefore,
for these frequencies the plane wave treatment considered gbove does
not apply. For the theory to be valid the frequency of the incident

MHD waves must be less than about lO"l hertz for plasms conditions of
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FIGURE 12.
Ranges for Wavelength of the Boundary Oscillations
as a Function of Frequency of the Incident MHD Waves,

for Cases 1 and 2
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the kind dealt with here. Even for a frequency near lO-l hertz, the
wavelength can be compareble with the dimensions of the magnetosphere
for waves arriving near normal incidence.

In Figure 13, the range of amplitudes of the magnetopause ripples
per gamma of incident perturbation, is plotted against the incomming
MHD frequencies. As was the case for A in the previous figure, the de-
pendence of the amplitudes on Mach number is negligible. For waves
with frequency of lO"l hertz the amplitude of the boundary oscillation
is less than 5 X 10"3 RE per gamms of incident wave amplitude. Motion
of the magnetopause with amplitude of aspproximately 1 RE have been

53,65,76

previously noted by many authors. These oscillations have
much lower frequencies than the lowest frequency to which the present
theory can be applied. Since a boundary crossing takes typically a

minute, it is impossible to detect oscillations of the boundary with a

frequency of 10"l hertz.
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FIGURE 13.
Range of Amplitudes of the Boundary Oscillations as a
Function of Frequency of the Incident MHD Waves, for

Cases 1 and 2
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5.0 SUMMARY AND CONCLUSIONS

In Chapter 2.0 solar wind data from the Vela 2A satellite are
compared with Dst values on magnetically quiet days. It is found that
the square root of the solar wind pressure is statistically linearly
correlated to the hourly Dst values. This relation is in accordance
with the theoretical expectation from the pressure balance at the mag-
netopause between the solar wind plasma and the Barth's magnetic field.
The constant of proportionality relating daily solar wind pressure
changes to the corresponding magnetic field changes at the Earth's sur-
face, shows considerable variation over the time span (July 1964 to
July 1965) for which solar wind data were analyzed. The peak in the
frequency distribution for this constant is in rough asgreement with
that obtained by Siscoe et al.17 and Ogilvie et al.}9 using a different
technique. The average value for the proportionality constant approxi-
mately agrees with the theoretical value given by the Mead-Beard13
megnetosphere model.

Chapter 3.0 is devoted to a general review of magnetohydrodynamic
theory. In this chapter the basic MHD equations are developed in a
form suitable to their use in the last chapter, where they are applied
to the reflection and refraction of hydromagnetic waves at the magneto-
pause boundary.

In Chapter 4.0 expressions for the reflection and transmission

coefficients are calculated for a stable velocity~discontinuity surface

separating two compressible, perfectly conductiﬁg fluids, each permeated

6k



by a homogeneous megnetic field. The system is perturbed by small
amplitude waves in the hydromagnetic frequency range. Reflection
and transmission coefficients are evaluated for two cases shown in
Table 2 which are taken as being representative of the sunward mag-
netopause during normal conditions of the solar wind. Numerical
values for the coefficients are obtained under the assumption that
the streaming velocity vector u of the solar wind plasma is parallel
to the magnetosheath field ﬁé. For the two cases considered it is
found that:
(i) Apprecisble transmission into the megnetosphere occurs

only for incoming fast waves which propagate over a

small range of angles near normal incidence.

(ii) Trensmission occurs over a wider range of incident
angles for waves having a positive component of the
propsgation vector k along the direction of the plasma
flow than for waves having a negative component in this
‘direction. This asymetry increases with increasing
Mach number.

(1ii) Trensmitted waves are refracted at angles larger than
the incidence angles.

(iv) When the transmission coefficient is integrated over
all angles of an isotropic incident MHD flux, the energy
transmitted is only about 1 to 2 percent of the incident
flux energy.

The integrated energy density of the waves transmitted into the magneto-

sphere for the cases under consideration represents a fraction of a
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percent to a few percent of the measured energy density in the wave
spectrum of the magnetosheath under normal conditions. The energy
flux transmitted into the magnetosphere from waves having an amplitude
of 1 gamma is roughly of the order 10-6 to 10-5 erg cm-2 sec-l.
Assuming & steady isotropic flux of waves with amplitude of 1 gamma
incident on a hemispherical sunward magnetospheric boundary of radius
15 RE’ the total energy input into the magnetosphere is estimated to

be of the order of lO21 erg per day. Transfer of energy and momentum
increases with increasing Mach number of the magnetosheath plasma

flow.

The incident hydromegnetic waves will cause ripples in the
boundary surface. The wavelengths of the boundary ripples for MHD
waves having power spectral densities similar to those observed in the
magnetosheath range from a few tenths of one earth radius to several
hundred RE. However, the present theory is valid only for wavelengths
which are small compared to the dimensions of the megnetosphere.

Discussions presented in this thesis do not purport to be a
complete treatment of the processes taking place at the magnetospheric
boundary during magnetically quiet conditions. Nevertheless, the re-
sults obtained should be indicative of the MHD effects which are likely
to occur at the magnetopause, and suggest that transmission of MHD
waves across the magnetopause plays an important role in the energy

budget of the megnetosphere.
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